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PREFACE TO THE SECOND EDITION^ 

Whoever ventures to write a text book on a subject gives 
almost invariably some words of explanation for the appearance 
of ‘y®t another’ in a field already overpopulated. And I 
also had my own. Yes, I was aware of a number of suitable 
books on elementary trigonometry that could sufficiently 
delineate the pattern which was desired. Why, then, was the 
a^ition ? This was because I believed that no single book 
on any subject could satisfy the needs and the desires of all 
the individuals of heterogeneous interests. Again, since no 
book is a true copy of its forerunners each has some 
characteristic merits of its own. And that gives it the right 
to exist. In my case, however, this was not the only reason. 

I had, to be frank, some weakness for trigonometry, the 
gateway to higher mathematics. I, therefore, fell naturally 
inclined to guide the uninitiated ones in the field by the direct 
but easy route to the gateway lest they get tired and miss the 
fascinating vistas of advanced mathematics. I was, however, 
hesitant, particularly when I had relatively more o. efferves- 
cence than experience and I was afraid lest I misguide. Now 
that the second edition of the book is ready from the press, 

I feel relieved that my work could at least fulfil the require- 
ments of some individuals, guide, to the extent possible, some 
new entrants and thus merit its appearance. 

This edition is practically a reprint of its predecessor 
retaining the characteristic features unimpaired. Few misprints 
have been corrected. Some minor additions and alterations 
have beed made here and there in the interest of integrity of 
the contents. In preparing this revision I have constantly 
referred to many letters sent by colleagues and students of the 
different colleges of Bengal and Assam. For this act of theirs, 
which bears testimony to the generosity of their heart, I shall 
i remain ever grateful to all of them, and wish that it be 
i continued in future. Some of my friends suggested to curtail 
I the bulk of the book by dropping the contents which form the 
appendix. I am sorry I could not comply with their suggestion 



for the sake of the completeness of the work. And it is not 
a difficult task to stop learning anywhere the reader wishes. 

I shall be« as in the past, only too glad to receive, 
acknowledge and attend all types of criticisms, comments 
and suggestions for the future improvement of the work. 

Indian Statistical Institute 

A. B. Gupta 

PREFACE TO THE FIRST EDITION 

In this work the elements of Trigonometry have byn 
presented in a manner suitable for beginners. It is, therefore, 
hoped that it would satisfy the requirements of the 
Pre-university, Higher Secondary and Technical students of 
different Indian Universities and Boards of Secondary Education. 
The subject-matter has been developed systematically and 
with conciseness without, hovvever, giving up the necessary 
rigour. Much thought has been spent on the general arran- 
gement and on the selection of suitable examples to illustrate 
the text. A large number of examples, over 750 in all, has 
been given and they are all graded to the extent possible. 
With the aid of the numerous worked-out examples the 
students may push on rapidly without much difficulty. The 
appendix at the end discusses a number of topics not covered 
by the syllabus of the pre-university and the allied courses. 
This has' been done only for the sake of the completeness of the 
book. We have incorporated a large number of examples set 
in different examinations of various universities to give an 
idea of the standard of examination. 

A list of important formulae and useful data and a subject 
index have been given for ready reference. 

In preparing the book the author has been largely 
influenced by most of the authors— both Indian and English — 
of the standard works on the subject. To all of them he 
acknowledges his indebtedness. 

The author would deem it a favour if criticisms and 
suggestions towards the improvement of the book are receiv^. 


Indian'StatUtkal Inttitute 


A. B. Gupta.^ 
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Notations 


«t (alpha) w (pai) 

/S (beta) ^ (phai) 

y (gamma) E (sigma) 

9 (theta) A (delta) 

C. U. : Intermediate Examination, Calcutta University. 
C. P. : B. Sc. (Pass), Calcutta University. 

B. H. U. : Intermediate Examination 

Banaras Hindu University. 

P. U. : „ Patna University. 

A. U. : „ Allahabad University. 

IMPORTANT FORMULi® 


I. Trigonometrical ratios 

sin*e+cos*0 = l ®?P-^=tan« 

cos 6 

sec*e=l+tan*0 

cosec®®=l+cot*^ ^ =cot 6 

sin 0 


II. Compound angles 

sin (AiB)=sin A cos B±cos A sin B 
cos (AdbB)=cos A cos B'^sin A sin B 
tan A±tan B 


tan (A±B) = 
tan (A+B+C) 


1 ±tan A tan B 

tan A+tan B + tan C -tan A tan B tan C 
1 — tan A tan B— tan B tan C— tan C tan A 


III. Transformation of products 

2 sin A cos B=sin (A+B)+sin (A— B) 
2 cos A sin B=sin (A+B)-sin (A— B 
2 cos A cos B=cos (A+B)+cos (A— B) 
2 sin A sin B=cos (A— B) — cos (A+B) 

IV. Transformation of sums 

. ^ . C+D C-D 

sin C+sin D=2 stn — — cos — ^ — 

sin C— sin D=2 cos ^'t - - sin 

cos C+cos D=2 cos- '^^ cos 

cos C-cos D=«2 sin sin — 



V. Multiple angles 

sin 2A=2 sin A cos A. 
cos 2A=cos*A— sin®A 

=2 cos® A — 1 


2 sin®A = l— cos 2 A 
2 cos®A = H-cos 2 A 
1 — cos 2 A 


tan® A = 


1 -f cos 2A 


tan 2A 


= 1-2 sin® A 
2 tan A 
1— tan®A 


sin 2A= 


2 tan A 


cos 2A = 


l + tan®A 
1 — lan® A 


1 + tan®A 


sin 3A=3 sin A — 4 sin* A 
cos 3A=4 cos* V — 3 cos A 

tan 

1—3 tan‘^A 

VI. General values 

If sin fl = sin 
If cos 6= cos 
If tan ^=tan oc. 

If sin 0 = 0 or tan 
If cos 0=0, or cot 

VII. Inverse circular functions 

1 I'v* -L r»r\c“ 1 /v-^— 

2 
TT 
2 

sec“ ^a;+cosec“*a;=^ 
tan“‘/;rbtan“^y = tan~^ 


6=n7r+( — l)“oC 
0=2w7ri<<. 

^=0, B=mT 
0=0, 0 = (2n+l)7r/2 


sin~^a: + cos“‘a 
tan~‘a: + cot“*; 


\^xy 

tan“ ^a: + tan~ * y + tan” ^ z = tan” ‘ 


VIII. 


x-{-y-\-z — xyz 
1 — xy — yz — zx 

sin”®a:±sin”‘j/ = sin”*(a:\/r^^® rli’/Vf^a:®) 

COS” ^a:± cos” ‘ «/ = COS” ‘ V ( 1 — X® 7(1 - 2/®)T 

Properties of a triangle 


a 


sin A 
cos A = 


sin B sin C 
6® +c® — a 


=2R 


26c 

0=6 cos C+c cos B 


tan 


B-C h-c.K 
"2 



-sm 


A_ 1^— 6)(«— c) 

2 N be 


tan -=- |(«— &)(»— c) _(«-6)(«— c) 

2 A 

A=t 6c sin A = ^ ca sin B=| ah sin C 

a)(« — 6)(«— c) 

26®c® + 2c +2a*6* — — 6^ “ ^ 

ahc 
*4R 


sin A a 


v'«(«— <») (« - b) (« - c) =^- 


2 sin A 2 sin B 2 sin C 4A 
r= 4R sin ^ sin 2 sin ^ 

s 2 2 Sj 

=(a-a) tan ^=^{a—b) tan 2=(«— c) tan 
A A 

fj =^-A..= 4 R sin ^ cos 2 cos tan ^ 

’’8=--“j=4R cos^ sin ® cds tan ® 

T m — ~ 4R cos 7^ cos TT sin 75 3 tan 7^ 


Useful Data 

1 radian =57‘’17'44*8" nearly »r®=9-87 

1 degree=’0174533 radians nearly \/2 = 1*414 

w=.y- = 31416 (approx) v'H = l-732 

circumference =17 X diameter 


Important Identities 
If A4 -B+C=i7, 

sin A+sin B+sin C=4 cos A cos 4 B cos 4 C 
cos A+cos B+cos C=l+4 sin 4 A sin 4 B sin 4 C 
tan A-i-tan B+tan C=tan A. tan B. tan C 
sin 2A+sin 2B'+sin 2C=4 sin A sin B sin C 
cos 2A+COS 2B+COS 2C= — 1 —4 cos A cos B cos C 
^ cos* A+cos* B+cos* C=l — 2 cos A cos B cos C 
■* cot A cot B+cot B cot C+cot C cot A™1 






Measurements of angles 

1-1. Trigonometry, in a sense, is the foundation of higher 
mathematics and in every branch of it — pure or applied — a 
knowledge of trigonometry is of paramount importance. It is 
divided into two parts— plane trigonometry and spherical 
trigonometry. In these pages we shall deal with the plane 
trigonometry only, the primary object of which was originally 
the measurement of plane triangles, that is to say, the establish- 
ment of the relations between the sides, angles and area of a 
triangle. But now the range of its application has extended and 
it carries on investigation relating to any angle, not necessarily 
connected with a triangle. 

1-2. Generation of angles in trigonometry 

The concept of an angle in trigonometry is more general 
than that in geometry, as will be clear from the discussion 
that follows. 

Let a line OP starting from the position OA turn round 0 
in the counter-clockwise direction. As it turns, it generates the 
angle AOP. The amount of turning undergone by OP measures 
the angle between OA and OP. Fig. 1 represents a particular 
position of the generating line OP when /.AOP is acute. 

In the process of revolution, when OP reaches the position 
OB, it traces out a right angle. An angle equal to two right 
angles will be generated when OP will come to the position OA'. 
As OP goes on revolving, it may reach the position as indicated 
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in Fig. 2 when the angle described would be greater than two 
right angles. 




Fig. 1 Fig. 2 

As OP continues its revolution, it will reach the position 
OA whence it started. A complete revolution will thus be made 
and four right angles would be described. 

The turning may go on indefinitely and an angle of aru/ 
magnitude may be generated. Each lime a complete revolution 
occurs, four right angles are traced. 

Instead of counter-clockwise revolution, we could have 
made OP turn cl 9 ckwise as well and a new set of angles would 
have been formed thereby. 

Angles generated by counter-clockwise revolution are con- 
ventionally called positive and those generated by clockwise 
revolution negative. 

Thus, in trigonometry are included angles of all magnitude 
positive and negative. Contrary to this, in Geometry, where 
angles are produced not by the rotation of a line about one 
of its extremeties, but by the intersection of two straight lines, 
only positive angles less than four right angles bear significance. 

1-3. Measurement of angles 

To measure an angle, as in all physical measurements, 
we, must first decide upon some unit angle ; then any angle 
will be expressed by the number of times it contains the unit 
angle. Depending on how we fix upon unit angle, there will be 
different systems of measuring angles. 
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Sexagesimal system : The unit of angle used in this system 
is the degree. A degree is defined to be the onc-ninetieth part of 
a right angle. To avoid using fractions of a degree, the degree 
is again sub-divided into sixty equal parts called minutes, and 
each minute into sixty seconds. Thus 

1 rt. angle =90° (degrees ) 

1° =60' (minutes) 

1' =60" (seconds) 

In numerical calculations the sexagesimal measure is always 

used. 

Circular system : The unit of angle used in this system of 
measurement is called a radian and the magnitude of any other 


ancle is expressed by the number of times it contains the radian. 
Tjiis system is convenient for theoretical use. 

is defined to be the angle subtended at the centre of 
any circle by an arc whose length is equal to the radius of the circle. 

In the adjoining figure, ABC is 
a circle whose centre is O. 

The arc BC is equal in length to 
the radius of the circle. By definition, 
therefore, the angle BOC is 1 radian. J 
We shall presently show that 
a radian is of constant magnitude 
independent of the particular circle 
used. 



Fig. 3 


1-4. An important property of the circle : The 

circumftrences of circles are to one another as their diameters. 

Let ABC, A'B'C' be any two circles of radii r and /. In 




Fig. 4 Fig- 5 

each circle let a regular polygon of n sides be inscribed. Join 
the centres O, O' to the vertices of the respective polygons. 
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Since the A ’ OAB, O'A'B' are similar, 

. OA _ AB _to.AB _p 
" 6' A' A^'^ n.A'B' p’’ 

where p and p' are the perimeters (i.c., sum of the sides) o< 
the polygons. 

Or, (V OA=r, 0'A'=r') 

r p 

This is true whatever be the number of sides in the polygons. 
So by taking n indefinitely large, the circumferences may in the 
limit be made coincide with the perimeters of the polygons. 

. r__ circumference of circle ABC 

r' circumference of circle A'B'C' 

As diameter is twice the radius, circumference j diameter is a 
constant quantity in all circles. 

This constant is denoted by the Greek letter tt and is in- 
commensurable. It can only by obtained in the form of an 
infinite non-recurring decimal and is 3’14159 to the first five 
places of decimals. Approximately, 77 -=- 22/7. A more correct 
value is 355/113. 

1-5. If r be the radius of circle, we may write 

j circumference— 27rr | 0) 

that a radian is an angle of constant 
Let O be the centre of a circle of radius r (=OA). Let the 



Fig. 6 

arc AB be measured equal in length to OA. Join OB then 
Z.AOB is a radian. 
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Now, since from geometry, the angles at the centre of a 
circle are proportional to the arcs on which they stand, we 
have 


Z.AOB arc AB 

4 rt. angles whole circumference 
1 radian _ r 
4 rt. angles Itit 


or, I radian =1 rt. angle, which is constant since 
TT is a constant. 

Ration between degrees and radians ; From 
infe-jiremus article 

I w radians 2 rt. angles = 180° I ... 


( 2 ) 


.-. 1 


.. 180 
radian = — 
n 


degrees 


=57‘29577 degrees. 

= 57“17'44-8" (approx.) 


and. 


1 degree = ■ -- radians 

lov) 


= •0174533 radian (appi;m^ 

N. B. The formulae (2) connecting the sexagesimal and radian 
measures of an angle enable us to pass readily from one system to the other 
and is a very useful result. 

While expressing the angles in circular measure, it is customary to drop 
the word 'radian’, so that an angle ^=7r means that the angle i? is tt radians. 


1-8. In trigonometrical calculations, the students will 
frequently require to convert the angles from one system of 
measurement to another and for the ready conversion we 
give below a table for certain important angles. 


15° 

= 

irj 12 (radian) 

30° 

= 

itie 

>> 

45° 

= 

•a 14 


60° 


ir/3 


75° 

= 

5w/12 

>» 

90° 

= 

w/2 

n 

120° 

= 

2w/3 


180° 

= 

w 

99 

360° 

=■ 

2ir 
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1-9. Length of an arc of a circle : The circular (or 
radian) measure of any angle at the centre of a circle is the ratio 
of the subtending arc to the radius. 

Let AOQ be any angle at the 
centre of a circle, and Z.AOP a 
radian j so arc AP= radius. 

Now, the radian measure of 
ZAOQ 

^ZAQQ 
ZAOP 
_arc AQ 
arc AP 
^arc AQ 
radius 

Thus the radian measure of Z AOQ 

radius 

If I be the length of an arc which subtends an angle of B 
radian at the centre of a circle of radius r, 



Or. 


arc length=0.r ^ 


! ( 3 ) 

Note : There is another system of measuring an angle *. it is called the 
'centesimal method’ in which a right angle is divided into 100 equal parts 
called ‘grades^ a grade into 100 equal parts called 'minutes*, a minute into 
100 equal parts called ‘seconds’. This system was proposed during the 
French revolution. But curiously enough> it has never been adopted even ia 
France. Thus 

1 rt. angle =100g (grades) 

Ig =100 (minutes) 

r =100" (seconds) 

1-10. Illustrated examples 

Ex. 1. Express in the sexagesimal system 

(i) One-twelfth of a right angle. 

(ii) One-sixteenth of two right angles. 

(i) We have, 1 rt. angle =90° 

aDgle=90°/12 
=7°30'. 


T? rt. 


(ii) 2 rt. angles =180° 

/. VirX2rt. angles =180°/16=11°15'. 
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£x. 2. Express in circular measure the an^gle 45° 15' 'J7". 
45° 15' 27" =45-2575 degrees. 

the angle contains ^ X 45-2575 radians. 

1 oO 

Ex. 3. Express in sexagesimal measure the angle whose 
radian measure is 


Let D be the no. of degrees contained in the angle. 

D^.3 . 

fSb 577 “ " 577 ‘ 5x22 

= 34°21'49" (77 = 22/7). 


degrees 


Ex. 4. The angles of a triangle are in the ratio / : 2 : o ; 
exp less them in degiees. 

The angles are in A.P. 

Let 2<, 3x be the angles. 

/. cc + 2oc + 3<=180° 

<=30° 

.\ the other angles are 60°, 90°. 

Ex. 5. An arc 17 yds. 1 ft. 3 inches subtends at the centre 
of a cAicle an o.ngle of 12) radian- Find the length of the radium 
in inches. 


We have, =angle (in radian) 

radius 


. j(17x3) + l}12-i-3 inches 

r (inches) 


radius = 


52xl2-f3 

1-9 


6244-3 

1-9 


=330 inches. 
1-9 


Ex. 6. At what distance does a tower 5^ ft. in height subtend 
an angle 12' at the eye ? 



Let AI3 be the tower; O the observer; so ^AOB = 12'. 
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Since Z.AOB is very small, AB may be taken as an arc of a 
circle with centre O. 


_,12 X 
60 X 60 180 


where r ft. =OA. 


ft.=94500ft.= 17-89 miles. 

* 12Xir 


Examples 1 

1. Express in sexagesimal system 

37r/4, 57r/4, 7r/54. ] ‘02, 1*309. 

2. Express in radian measure 

57°30', i4°24', 18°3y45", 45°13'30". 

3. Find the no. of radians in each exterior angle of (i) a 
regular pentagon (ii) a regular decagon. 

4. Express in radians the interior angle of a regular 
polygon of n sides and of a regular heptagon. 

5. One angle of a triangle is 45° and another Stt/B 
radians ; express the third both in sexagesimal and radian 
measure. 

6. The number of degrees in an angle exceeds 14 times the 
number of radians in it by 51. Find the sexagesimal measure 
of the angle. 

7. The difference of two angles is 10° and the circular 
measure of their sum is 2. Find the circular measure of 
each angle. 

8. The sum of two angles is 3 radians and their difference 
is 10 degrees. Find each angle in degrees (assume 437r = 135). 

9. The three angles of a triangle are in A. P. and the 
greatest is double the smallest. Find each angle in degrees. 

10. The flywheel of an engine makes 40 revolutions a 
second ; in what time will it turn through 9 radians ? 

11. Find the number of radians in the angles of a triangle 
which are in arithmetical progression, the least angle 
being 36°. 

12. The angles of a triangle are in A. P. and the number 
of degrees in the least is to the number of radians in the 
greatest as 60 : tt. Find the angles in radians. 

13. The angles' of a triangle are in A. P. The number of 
degrees in the greatest is to the number of radians in the sum 
of the other two as 450 : 11. Find the angles in degrees. 
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14. In each of two triangles the angles are in G. P. ; the 
least angle of one of them is three times the least angle in the 
other, and the sum of the greatest angles is 240°. Find the 
circular measure of the angles. 

15. Find the number of radians in the complement 
of Stt/S. 

16. The angles of a polygon are in A. P. The least angle 
is 27r/3 radians and the common difference is 5°. Find the 
number of sides (The polygon has no reflex angle). 

17. Find the angle subtended by an arc 7*5 ft. at the centre 
of a circle whose radius is 5 yards. 

18. An arc 20 yds. 2 ft. 6 inches subtends an angle of 1*5 
radian at the centre of a circle. Find the length of the radius. 

19. What is the height of a tower that subtends an angle 
1' at the eye of an observer at a distance of I mile from 
the tower ? 

20 . At what distance does a tower 10 ft. in height subtend 
an angle of 10' at the eye ? 

21. In running a race at a uniform speed on a circular 
track, a man in each minute traverses an arc of a circle which 
subtends 2| radians at the centre of the track. If each lap is 
792 yds., how long docs he take to run a mile ? 

22. Find the radius of a globe such that the distance 
measured along its surface between two places on the same 
meridian whose latitudes differ by 1°10' may be 1 inch 
(^-22/7). 

23. A horse is tethered to a stake by a rope of 27 ft. long. 
If the horse moves along the circumference of a circle always 
keeping the rope tight, find how far it would have gone when 
the rope has traced out an an angle of 70°. 

24. The angular diameter of the sun on two particular 
days in the year is found to be 31' and 32' respectively. 
Compare the earth-sun distances on these two days. 




The trigonometrical ratios 


2-1. We shall now define trigonometrical ratios or the 
circular functions. These are of fundamental importance in 
the subsequent development of trigonometry. 

Let XOP be any acute angle. From any point P on OP, 



Fig. 9 

one of the boundary lines, draw PM pcrp. to OX ; so A POM 

is a rt. angled A. 

If 9 be the measure of the angle, the trigonometrical ratios 
are defined as follows : 

sine of the angle 6, written sin 0, is 


cosine of the 


angle 6, written cos 6, is 


OM 

OP 


tangent of the angle 6, written tan 9, is 


OM 


Thus 


sin p— side opposite 9 
hypotenuse 

cos side adjacent to 9 
hypotenuse 

tan g— side opposite 9 
side adjacent to 9 
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There are three other trigonometrical ratios which are the 
reciprocals of sine, cosine and tangent. They are respectively 
called cosecanty secant and cotangent. For brevity, they are 
written as cosec By sec B and cot 0, Thus, 

cosec g^hyPotenuje^OP 
side opp. 6 MP 

sec 

side adj. to B OM 

cot B _OM 

side opp. B MP 

In defining the trigonometrical ratios, we confined our- 
selves to acute angles. We shall show presently how the 
definitions may be extended to angles of any magnitude. 

Note : (i) In addition to the above six trigonometrical ratios, two 

others aic sometimes used. They are termed ‘versed sin s' (written, vers 0) 
an«i 'coversed sine (written coverse O) and are dclmed as ; 

vers S I — con o 

coverse s 1 — sm 

(iO Trigonometrical ratios on an angle are numerical quantities, being 
the ratio ol' two length^!. All algcbrical operations may, therefore, be 
performed upon them. They must never be regarded as lengths. 

(ill) Before continuing with the study of trigonometry, it is important 
that the students should become thoroughly conversant with these definitions. 

2-2. Signs to the trigonometrical ratios. Trigono- 
metrical ratios of any angle 

Let XX' and YY' be two straight lines intersecting at right 
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^ 9 Y OX, named first, seconds third, fourth in 

order. 


Y y 



The distances measured along or parallel to OX or OY are 
conventionally taken as positive and those measured along or 
parallel to OX' or OY' negative. 

Let now the generating line starting from OX revolve in 
either direction, clockwise or counter-clockwise and assume the 
position OP by tracing out an angle d. 

From a point P on the final position of the generating line 
draw PM perp. to XX'. Then, in the rt. angled A OPM, in 
whatever quadrant OP happens to lie, the ratios of the last 
article, are called the trigonometrical ratios of d. That is, with 
due regard paid to the sign convention, 


cos«-9M„, 


The line OP, which only fixes the boundary of the angle, is 
considered to be always positive. 

These considerations will immediately lead to the following 
conclusions as regards .the sign of the trigonometrical ratios. 

In the Jirat quadrant, OP, PM, OM are all positive and 
therefore, oW fAe trigonometrical ratios are positive. 
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In the second quadrant^ OP and PM are positive, OM 
is negative ; so sin 0 and its reciprocal cosec 9 are positive and 
all others are negative. 

In the third quardrant^ OP is positive, OM and PM are 
negative ; hence tan 6 and its reciprocal cot 9 are positive and 
all others are negative. 

In the fourth quadrant, OP and OM are positive, PM is 
negative *, so cos 9 and its reciprocal sec 9 are positive and 
others are negative. 

An inspection of the diagram below will help remember 
the signs of trigonometrical ratios^ 


Sitt (Positive) All (Positive) 


Tan(Positive) Cos (Pos itive) 


Fig. 14 

2-3. Goterminal angles 

When any angle is increased or diminished by any 
multiple of Irr (radians), the generating line takes up the same 
position after one or more complete revolutions. Such 
angles which have the same boundary line are called 
coterminal angles. All the angles coterminal with 9 is 
expressed by the general form Inn +9 where n is any 
integer. 

It is obvious that all coterminal angles have the same 
trigonometrical ratios ; e. g., sin (27i7r+S)=sin 9. 
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2-4. For a given angle, the trigonometrical ratios are 
unique 

Let XOY be any acute angle of measure 0 . Take any two 



Fig. 15 

points P, Q on OY and drop perps. PM and QN on OX. Let 
R be another point on OY and draw RS perp. to OY. 

*, sin , from the rt. angled A POM 

OP 

also, sin angled A QON 

and sin from the rt. angled A SOR 

OS 

But the A " POM, QON, SOR are all equiangular, 
PM^QN^RS 
OP OQ OS’ 

Thus, the sine of the angle ^ is the same whether we take 
it from A POM or from A QON or from A SOR. This is 
true for all other ratios and for angles of all magnitude. For a 
given angle, therefore, the trigonometrical ratios are unique. 

2-5. Relations between trigonometrical ratios of an angle 
From the very dehnition it follows that 



( 4 ) 
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Also, since, with reference to the Fig. 1 

sin and cos , 

OP OP ’ 

we nave, — - — _= — =taii 0, 

Cos e OP OP OM. 


Thus, 


tan S= 


cot $ — 


sin 6 
cos 0 

cos $ 
tan 6 


..(5) 


2-6. Other connecting relations 
Since MOP is a rt. angled a, rt. angled at M, we have 
OP^=PM2-l-OM* A) 

“ \op / Vop 7 


or 1 =(sin 0] f (cos 6)^ 
or, 1 —sin^tf-j-cos^tf as is usually written. 
From (A), it also follows that 

/OP\2_ , , /OM\2 

Ipm) “ ^ + VPMj 


or, cosec^0 = l+cot29, 



or, sec‘“0=^l4-tan2^. 

Collecting the relations, 

sin2S + coS“fl=l 
l-j-tan^ff =sec2fl 

l + cot^tf =coscc2fl. 

Cor : sin-fl = l — cos20 

cos‘^tf = 1 — sin^ff 
tan2tf=sec2tf— 1 
cot*tf=cosec2fl— I 

Note : If we replace e by ejl, say, then the formulae would be 
3 in‘ tf/2+cos' el2=l etc. 

With the help of the formulae of Art 2-5 and 2-6, we can express any 
trigonometrical ratio in terms of any other for a given angle. 
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2-7. Restrictions in the value of trigonometrical ratios 

In a rt. angled A, the hypotenuse is the greatest side •, 
hence, from the definitions of the trigonometrical ratios, it 
follows that 


the sine and cosine of an angle cannot he '>1 numerically, 
the cosecant and secant of an angle can never he <1 numerically 
and the tangent and cotangent may have any numerical value. 

2-8. Illustrated examples 


Ex. 1. Express oil the trigonometrical functions in terms 
of sine. 

cos^ 6=\ — sin^ B 


cos e=±v\-sm^ e 

^ n sin 6 sin B 

tan 6= -- -= 


cosB ±a/I -sin2 

cot«=-i ^ 

tan 6 sin 0 


a 1 

cosec 0=-. - . 
sin 0 


see 0= 


1 


1 


COS0. ivi-sin^^ 


Ex. 2. Express all the functions in terms of the tangent, 
sec® ^=l+tan®0. 
sec ^=±V'l+tan®<>. 


sec e i-v/i+tan^fl’ 

sin 6=tan 6 cos0=- — 

±Vl + tan*e 


cosec 0 


±\/l+tan®^ 
tan 0 


"-Si, « 


Note : It is always possible to construct a rt. angled A, if two sides are 
given. By this method we can readily get all trigonometrical functions, 
when one is given. 
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Ex. 3. If tan < — find sec «c and cosec «c. 
tan «c = ^, we describe 
the rt. angled A ABC, with 
sides AC = 1 unit, BC=2 
units, so that ZABC = ec. ^ 

From geometry, 

AB=v' 12 + 22 = ^5 


AB V5 
' sec*=_=:^. 

AB ,, 
cosec ®c=rr;:;=v5. 
BC 


Fig. 16 


Ex. 4. Prove that sin^ A tan A +cos^A cotA + 2 sin A cos A 
=tan A+coi A. 

Left side = sin^A ^ilLA+cos^ A ??5-^+2 sin A cos A 
cos A sin A 

_ sin^ A + cos^A4-2 sin- A cds^A 
sin A cos A 

_ ( sin'^ A + cos^ A Y 
sill A cos A 


sin A cos A 

T»- sin A .cos A 

Right side= v + - — 

® cos A sin A 

_sin2 A+cos^A 

sin A cos A 

__ 1 

sin A cos A’ 


Ex. 5. Show that 1 ^ — ^ =sec A — tan A, 

Left side= \tl^. ) 

Nl + sinA 1— sinA V 1— sinA / 


__ 1 — sin A 
cos A 

_ 1 sin A 

cos A cos A 
=sec A— tan A. 


2 
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Ex. 6. If sin A+sin^A=l ; prove, that eos^A+cos*A=1 

V sin A+sin®A = l, we get by transposition, 
1— sin’*A=sin A 
or, cos“A=sin A. 
cos*"^ A + cos^ A — sin A + ^cos^A),?. 

=sin A + (sin A)® 

=sin A + sin^A 
= 1 . 


3 /^ — J. 

Ex. 7. If tan O+sec 0~x, show that sin9=^^ 

V tan fl+sec d=r, we have 

1+sin 0^^ 
cos 0 

. _ n +s in fl) - py comp, and dividendo, 

■ ' cos® 0 

a;«_l n -)-sin 0)^ -cos® 0 2 sin 0+2 sin® 0 

X* + 1 “(l+sin 0)- +COS® 0 2+2 sin 0 

2 sin 0 (1+sin 0) _gjjj 0 

2(1 + sin 0) 

» a , .1 . a sin 0—b cos 9_ a^—b^ 

Ex. 8. If tan 0=^, show that 0^b~cos 0 a® +6® 


Given, tan 0=^ 
a sin 

b~^0 6 * 

. a s in 9—b ( By comp. & div. ) 

■' o sin 0+6 cos 0 o®+6® 


Ex. ?. If X and y are two unequal qtuintities, show that 

^^8 0—^?'^y\.. is impossible, 

4xy 


sin® 


(*+ y^® _ >1 

4xy (a!+y)®— {*— y)® 


Hence the equation is impossible. 
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Ex. 10. If cos^A—shi- A=itan^B, then 
cos^ B—sin^ B=tan^ A. 
cos^ A — sin^ A = tan ^ B 
(1 — sin^A)— sin- A=tan?^B 

1 — 2 sin^ A=tan‘'*B 

2 sin^A = l— tan^B 
Again, V cos^ A — sin‘^A=tan®B 

cos- A — (1— cos- A) =tan2B 
/. 2 cos-A- l = tan^B, 2 cos-A = l+tan2B 

I __sin2B 

t an - A = " — = 1 — ta n- B _ co^^B cos^B — sin®B 
2 cos- A I +tan-B ^ si n^^ ""cos^B + sin^B 

cos^B 

=^cos^B — sin^B. 


Examples 2 


Prove that 


1 . 

2. 

3. 

4. 

5. 

6 . 


7. 


8 . 


9. 


10 . 

11 . 

12 . 


sin'-^A cot-^A + cos^A tan^A = l 
sin AV 1 — sin**^ A^sin A cos A 
(l+tan^A) cos-A = l 

sin A (1 + tan A) + cos A (1 + cot A)=sec A+coscc A 
sec'^ 0 — sec - d^tan^6+ tan^ 6 


sin A+cos A . . . 

r-- — =sin A cos A 

sec A + cosec A 


tan2A+cot2A = 


1—2 sin* A cos* A 
sin*A cos*A 


(cosec ^+sec 0)- 
sec* cosec* ^ 


= 1 + 2 sin 6 cos 0 


(tan 04 -sec 6 )^ ^ 

1— sin 0 


(C. U. 1934) 


(cot 0+ cosec 0) * = * +co^ 
1— cos 0 

2 sin 0 co s 0 — cos 0 _ 

1 — sin 04-sin*0— cos®0 
t an ® «c 4- sec ** /3 = sec ® «c 4- tan ® 
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13. 

14. 
15- 
16. 


l+tan^g _/ l— tan ^ 2 
l+cot*0 \1— cot b) 


tan 6+sec 6— 1 ^ 1+sin 6 
tan sec 0 + 1 ~ cos & 


=sec tf+tan 0 


^ =cosec 0+cot 0 
Nl — cos 0 

JpE™|_sec 9=sec 9- 
^ 1 — sin ^ N 1 4- sin ^ 


jy cosec A + cot A _ sin** A 

cosec A— cot A (1— cosA)® 

18. If cos A=T®y, find (geometrically) cosec A, cot A 

19. Ifsin A = ~, prove that •v/«®— tan A=m 

n 


20. If cot what is the value of j P cos 0 -g^ sin_^ j 

q p cos ff+gi'^sin 0 

21. If cos A=m, cot A=n, prove that (1 — m®) (H-w®) = r 

22. If tan A= — find cos A and sec'A 

p^-q^ 

23. If sec A= — ■ find cos A and cosec A 

2m 

24. If sin ^="*'1- find cos 0 and tan 6 

Tnr +n^ 

25. If tan 6=^^\ proyc thsit cosee^d—m^ +n^ 

n 

26. If -f, find sin 0 and cos 0 

a+b a--b 

27. If sin cos 6—p and sec cosec 0=q, 
prove that q (1— p®)=2p 

28. If tan f?+sin 9=m and tan sin 0—n, 

prove that =^^Vrnn 

29. If sin A - cos A =0, show that sec A = ± V 2 

30. If a cos B-^h sin 0 = \ and c cos 0+d sin ^ = 1, 
show that (a--cy + {h — d)^ =(hc—ady 

31. Express 1 — 2 sin ^ cos ^ as a perfect square 

32. Express sin® B tan ^+cos® B cot B+l sin B cos B in 

terms of tan ft — r n i,, 

33. If tan*fl=l— cosec B 
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34. If 15 sin* 6+2 cos 0=7, find tan 0 

35. If 7 sin* 0+3 cos*0=4, show that tan 0= + - 1 

V3 

36. If 1+sin* 0=3 sin 0 cos 0, find cot 0 

37. If cos «c+ sin 00 =-^ 2 cos oc, prove that 
cos sin «c= v/2 sin < 

38. If cos* 0— sin* 0=tan* prove that 

cos* ^-sin* ^=tan* 0 

39. Find the value of sin 0— cos 0, when tan 0=2 

40. Show that cos 0=.r+i is impossible if a: and y are 
two unequal real quantities 

41. Show that sec*0= is possible if x=y • 

(x+yn ’ 

what is the value of 0 then ? 


Prove, that 

42. * sin 0 (1+tan 0)+cos 0 (1+cot 0)=sec 0+cosec0 

43 . i \ 

cosec 0— cot 0 sin 0 sin 0 cosec 0+cot 0 


, . . , tan 0 cos 0 , sin* 0 , , « 

14. cos 0+ — + - — = l+sec0 

sm 0 cos 0 


15. 

lb. 


tan , cot 
(l+ian*«t)* (1+cot* <)* 


-:;=sin < cos < 


tan * <<. + cot * <■ _ s in ^ <• + cos* "C 
tan*^— cot*oc sin*<<.~cos*‘<. 


17. If tan*A = l+2 tan*B, show that cos*B=2 cos*A 

18. If ar sin*‘t+?/ cos®"C=sin<>c cos«c and 

X sin <—y cos <<,=0, show that ** +y* = I 

19. Prove that (2 --cos* A) (1+2 cot* A) 

=(2+cot*A) (2-sin*A) 



The trigonometrical ratios pf 
certain angles 


3-1. Ratios of 45^" or ^ 

4 

Let ABD be a rt. angled isosceles / 
rt. angled at D ; hence ZB— Z A =^45' . 

Let each of the equal sides BD and 
AD, contain a units. 

A B = v BD-'+A D - V 

= V 2a. 

sin 45°=='^^= ?. =- * 

AB v'2a 



cos 45''=®^= 


a ^ 1 

AB . Via V2 


tan 45° = --?=“ =1. 

BD a 

and so, cosec 45° = v^2, sec 45° = -^/ 2, cot 45° = l 


3-2. Ratios of 60° and 30' or and ” 

3 6 


Let ABC be an equilateral A ; so 
each of its sides is equal to 2a, say, 
and each of its angles is 60°. 

Draw AD perp. to BC ; so AD 
bisects the ABAC and the base BC. 

A 2ABD=60°;- ABAD=30°, 

BD=a and AD=-v/AB® ^BD® 



Fig. 18 


— V 4a* — 


'^a 



IHB TBIOOtrOMBTSIOAI. BATiOS OT OBBTAIir AHOLBS 


23 


Again, 


sin 

AB 2a 2 
BD^ 1 
AB 2a “2 

=AD_v'3o^^/3 

a 

1 

2 


COS 60®= 


tan 60° 


sin 30»=“^ = 


a 

2a 


Bb 
BD 
AB 

cos 30° =-^=3/—=''/ 3 
AB 2a 2 

tan 30°= -^ = * 
AD \/3a 

The corresponding other ratios are : 
cosec 60® = 2/V3» sec 60°:^ 2, 


cot 60° = 1/V3 


cosec 30° = 2, sec 30° = 2/\/3, .cot 30® = \/^ 


3-3. Ratios of 90° (or 7r/2) and 0° 


Let BOC be a quadrant of a circle. ‘ From any point P on 
the circumference draw PN perp. to OC. Then if /_PON = ^, 

sin ®=Op’ 


If now P approaches B, the angle 0 becomes greater and 
greater and so also PN •, ON becomes shorter, but OP remains 
constant in length. As P becomes coincident with B, the 


angle 6 becomes 90°, ON vanishes and 
PN becomes equal to OP. 

/. sin 90° = -^^ in the limit — 1 

cos 90°=^^ in the limit = 0 
OP 

PN OP 

tan 90°=—^ in the limit = 


B 



= OC (infinity) Fig. 19 

( OC stands for an infinitely large quantity.) 

So, cosec 90° = 1, sec 90°=^=oc, cot 90° = -- =0. 

* ’ O x 


If, however, P approaches C, the angle 0 becomes smaller 
and smaller and consequently PN becomes shorter. In the 
limit when P coincides with C, 6 becomes zero, PN vanishes 
and ON becomes equal to OP. 
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sin in the ]imit=0 

OP 

ON 

eos 0® = -^ in the limit=l 
OP 

tan 0®=?^ in the limit = ;^= 
ON OP 




3-4. The above values of the trigonometrical ratios are 
frequently required. The students should get them memorised. 
We draw up a table as follows. 



The other ratios, namely cosec, sec, and cot are reciprocal 
to these in* order. 


3-5. Illustrated examples 

Ex. 1. Find the vahie of 2 sin 3€i^ cos 30° cot 60° 

Th.,alu=-2l. f. 

“ 2 * 


Ex, 


2 tan^ 

2. Verify that 


Left side= 


2. 


1 + 


I 2 

V3 _V3_v' 

w^l 3 


Right side=s 


2 


Hence. 
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Ex. 3. Solve for 6, where 6 is a positive cLcute angle, from 
the equation 4 cos'‘^6~\/2 cos 6—1=0. 

Treating it as ^quadratic in cos 6, we get 

n 1 1 

cos 6= -— or— - ; 

since 6 is acute, cos 6 cannot be negative. 


6=45'^, from cos 6 = 


V2' 


Examples 6 


Find the values of 

1. cos 30° cos 60° + sin 30° sin 60° 

2. 2 cosecM5°+cot 60° tan 30° 

3. tan ^45° sin 60° tan 30"" tan^60° 

4. 4 sin^30° 008**^60° cot*45° sec^45° 

5. 2 cot 45°+cos360°-2 sin460°+|- tan230° 

Verify that 

6. tan45°=tan30°tan60° 


7* 


l-tan230 


1+ tan +30° 


60° 


8. 

9. 


1 + sin 60° __ 1 + tan 30° 
sin 30° 1— tan 30° 

tan (60° +30“) = 

1— tan 60 tan 30 


10. sin 3oc = 3 sin cos x. when < = 


Evaluate x from the following 

9 >ico cot" 30° sec 60° tan 45° 

11. a; sin 30 cos^ 45 

cosec ^ 45 cosec 30 

/:ao • 2 tan- 60° sec 60° cot 45° 

12. :.co, 60 ™M5 

13. I sin 60" cos’ 30"-'iSi ^ — g -— 

cot* 45 


Solve for 6^ from the following equations, 6 being a positive 
.acute angle 

14. (i) 2 sin2^ = 3 cos 6 

(ii) 2 cos 6=cot 6 (iii) 6 cos^ 6 - 1 =cos 6 

(iv) 3 VS sec 6 tan ^+1 = 3 sec ^+ V3 tan 6 

(v) sec ^+2V5 cos ^=2+ V2 

1«5. If 0 and <f> are positive acute angles and 
tan (^+«^) = VS, tan (S-^)=l, find 6 and ^ 




The trigonometrical ratios of 
associated angles 

4-1. Ratios of the angle (-^), 6 having any 

magnitude 

Let the ZXOP be 6 and ZXOQ, traced counterclock- 
wisely, be — 0 . From any point P on the boundary line draw 
PM perp. to OX [ or OX' as in (ii^ and I'iii) ] and produce it 
to meet OQ at Q. 

Since ZXOP==ZXOQ, in magnitude (not in sign), the 
Z* POM add QOM are equal; hence A' POM QOM are 
congruent. 

QM = -PM, 

OQ=OIp> 

the negative sign is due to the sign convention. 



Fig. 20 (i) 


Fig. 20 (ii) 
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Fig. 20 (iii'i 


Fig. 20 (ivj 


/. sin 




OM 

6q 


-PM 

OP 


= — sin $. 


cos fl)=^^=®M = cos 

’ OQ OP 


tan 


(- 0 ) 


OM OM 


So, cosec ( — ) = — cosec 0, sec {—B)— sec B, 
cot ( — = — cot B. 

Note. We may change the sign of any angle without changing the 
value of its cosine and secant, 

4-2. Ratios of (90® — 5) 

Let the /_XOP be 0 and let a reveling line, starting from 
OX, trace out counterclockwisely the angle XOY =90° and then 
rotate clockwisely by 0 to take up finally the position OQ. 
So Z.XOQ=90°~^. 

Take two points P, Q on OP and OQ respectively, such 
that OP=OQ, Draw PM, QN perps. to OX (or OX'). 

Now, since, Z.XOP=Z_YOQ, in magnitude mot in sign) 

/. ZPOM = ZOQN 
Also, since, OP=OQ, 

APOM=AOQN 

QN=OM, ON=PM, OQ = OP, considering the signs 

as well. 
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Fig. 21 (iii) 
sin 


Fig. 21 (iv) 


(90°-fl)=sia XOQ=^^=^=cos <1. 


COS 

tan 


(90‘>_fl)=25^=^^=8in $. 

^ ’ OQ OP 

(90'’-fl)=9N=O^^ j j 


So, cosec (>90° --^)=sec tf, sec (90® —9)= cosec 
cot (90®— 9) = tan 9. 

Note ; The angle (90''—^) is called the complement of $. Each 
trigonometrical ratio of an angle is, thus, equal to the corresponding 
co-ratio of its complement. This may be verified from the table of values 
of trigonometrical ratios of some important angles given in the chapter. 
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4-3. Ratios of (90“ +8) 

Let the angle XOP generated by the revolving line OP 


Y Y 



co»nt.«lock»isdy be « and let it further trace the angle 
POO =90“ by rotating in the same direction. 

So, ^XOQ=90“+e 

Take two point. P. Q on OP and OQ r^I»«i»ly. such that 
OP=OQ. Draw PM and QN perps. to OX (or OX ). 

Since OQ is perp. to OP. the £POM=Z.OON, both being 
complementary to Z.QON- 
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So, the A ^ OPM, OQN are congruent ; hence, considering 
the signs as well, 

QN--=OM, ON = -PM, OQ=OP. 
sin (90" f»)=sin XOO=^^=^=cos 6 . 


" ON 

cos (90" + 0)=^^ 
tan (90"+tf)=9N 


-PM 


=— sin 9 . 


-PM 


= —cot 9 . 


So, cosec (90"-!-fl) = sec 9 , sec (90° +tf) = — cosec 9 , 
cot (90°+®) =— tan 9 . 


4-4. Ratios of (180°-®) 

Let the AXOP be ® and let a revolving line, starting from 
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then rotate clockwisely by 0 to take up finally the position OQ. 
So, Z.XOQ==180“-^. 

Take OP=OQ and draw PM and QN perps. to OX 
(or OX'). Since, the Z.POM = /£QON in magnitude, and 
OP=OQ, the rt. angled A’ POM and QON are congruent. 
So, considering the signs as well. 


QN=PM, ON = -OM, OQ=OP 
.*. sin (I80“-tf)=sin XO^=---5-^=sin fl 

cos (180'’-tf)=^JJ=T^ = -cosfl 
^ ^ OQ OP 

,a„ 

So, cosec (ISO*"— cosec sec (180°— tf)= 
cot (180°-ff) = -cot 


—sec 9 , 


Note : The angle 180'’— ^ is called the supplement of So sines of 
DUpplementary angles are equal but cosines and tangents of supplementary 
angles are equal in magnitude but opposite in sign, 

4-5. Ratios of (180°+tf) 

Let the ^iXOP traced by the revolving line OP be B and let 



it further revolve in the same direction an angle POQ= 180° j 
so the Z.XOQ=/.180°H-® and OP and OQ are collinear. 
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Take OP=OQ and draw PM and QN perps. to OX (or OX'). 
Since ^POM = Z.QON in magnitude (vertically opposite 



angles) and OP=O0, the rt. angled A® POM and QON are 
congruent. So, considering the signs as well. 


qn=-pm, on=-om, oq=op. 

sin (180“ + fl)=sin XOQ=g^==^M = _sin 


cos 


(180»+tf) 


ON 

OQ 


OM 

OP 


- cos $ 


tan (180°-(-flj= 


QN_-PM 
ON -ON 


PM 

OM 


=tan $ 


So, cosec (180°+fl)=— cosec 8, sec (180'’+tf)=sec 
cot (180°+tf)=cot 


4-6. Ratios of (270'’±tf) 

The students may proceed geometrically to find all the ratios 
of 270® ±tf. Otherwise, their values may be deduced as 
follows ; 


sin (270±fl)=sin (180 + 90°±fl) = -sin (90'±e) = -cos 0 . 
cos (270i®)=cos (180®+90®i9) = — cos (90®itf) 

= -(T sin9) = ±sinfl. 


tan (270®±tf)= 


sin (270®±«)_-cosfl 
cos (270®±») ±sin 0 


= Tcot 9 . 
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So, cosec (270®±^)=—sec 

sec (270°J:;^) = ±cosec B 
cot (270°±6>) = ±tan B 
Note : This procedure may also be adopted for angles 

4-7. Ratios of (n.360°±fl) where n is any integer 

If n is an integer n. 360° means n complete revolutions of 
the generating line. So the boundary line of n. 360° + ^ is 
coincident with that of 6 and of n. 360°— B with that of 
So the trigonometrical ratios of n. 360° + ^ are the same as 
the corresponding ratios of B, both in magnitude and in sign. 
And, similarly, the ratios of n. 360° — B are the same as the 
corresponding ratios of— both in magnitude and in sign, 
sin (n. 360°— ^) = sin (— ^)== — sin B 
cos (n. 360°— fl)=cos ( — B)=cos B 
tan (n. 360°— ^)=:itan ( — B)= —tan B 

4-8. The following rule may be useful to remember 
the above results 

I. If B be associated with an even multiple of 90° (i. e. 
180° di^, 360° the ratio is not altered in form. That is, sine 
remains sine, cosine remains cosine and so on. 

II. If, however, Bbe associated with an odd multiple of 90° 
(i.e. 9O°rL-0, 270° d:^) the ratio is altered to the corresponding 
co-ratio. That is, the sine becomes cosine and vice versa, 
tangent becomes cotangent and vice versa and so on. 

As regards the sign, determine the quadrant in which the 
associated angle lies (assume B to be acute) and apply the 
rule ‘‘aZZ, sin, tan, co8*\ 

N. B. The angle -e may be thought of as 0.360°—^ and ‘0’ may be 
taken as even in applying the above rule. 

4-9. Certain trigonometrical ratios of a few important 
angles outside the first quadrant 

sin 120°=siii 60°=-^^ 

2 

cos 120°'=— cos 60”=— i 

z 

sin 180°=sin 0°=0 
cos 180°=— cos 0°= — 1 
tan 180°=0 


3 
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4-10. Illustrated examples 

Ex. 1. Fijid sin (S40'‘-hC) 

sin (540°+C)=sin (360“+180'’+C) 

=sin (180“+C) 

= —cos C 

Ex, 2. Find the value of cosec {—21(F) and eosee ( — 1200'’) 

(a) cosec ( — 210**) = —cosec 210° 

=— cosec (180° +30°) 

=cosec 30° 

=2 

cosec 12(X)° 
cosec{3x360°+120°( 
cosec 120° 
cosec (90° +30°) 
sec 30° 

2 

cosec (180° - 60°) 
cosec 60° 

2 

V3 

N. B. We can always express the functions of any angle in terms of 
the functions of some positive acute angle. The procedure should be 

(i) if the angle is negative, to use the relations connecting 
the functions of —0 and 6, e. g. Ex. 2 (a). 

(ii) if the angle is numerically greater than 360°, to take 
off multiples of 360° and replace by a coterminal angle less than 
360°, e.g. Ex. 2 (b). 

(iii) if the angle is still greater than 180°, to use relations 
connecting functions of 180° + 0 and 0, e. g. Ex. 2 (a) . 

(iv) if the angle £s still greater than 90°, to use the relations 
connecting functions of 90°+^ and 0 or, (180° — tf) and tf, 
e. g. Ex. 2 (b). 


(b) cosec(— 1200°) = — 

either = — 

or = — 
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Ex. 3. Prove that 

sin (780^) cos (390°)-sin (330®) cos (-300®) = !. 

Left side = sin (2 x 360” +60“) cos (360” +30°) 

-sin (360°-30°) cos (300°) 

=sin 60” cos 30°+sin 30°. cos (360°-60°) 

= ^- ^+5 • cos 60° 

_3 1 1 

= 1 

Ex. 4. Prove that 


sin ^ + sin (7r + tf)+sin (2'Tr-\-e) + to n terms 

=0 or sin 0 according as n is even or odd. 

sin (77+^)= - sin 0 sin (277+^)= sin 0 

sin (377+^)=sin (tt+O) sin (477+(9)=sin 0 

= — sin^ =etc. 

=etc. 

Left side=sin sin 0+sin ^ — sin 0+ to n terms 

=0 or sin 6, according as n is even or odd. 


Ex. 5. Express in the simplest form 


sin (—A) , cos A _^tan (90° -f A) 

sin (180°+ A) sill (90""-- A) cot A 


^ . —sin A , 

Expression = . , + 

—sin A 


cos A cot A 
cos A cot A 


= 1 + 1+1 

=3 


Ex. 6. Solve for giving all possible values^ lohen 0®<^ 
<360°, the equation tan B=l. 

Since tan ^=1 

^=45° is the smallest value satisfying the given 
equation. The tangent of an angle is also positive if the angle 
lies in the third quadrant. 

/. 2nd solution is ^ = 1 80° + 45° = 225°. 

^=45°, 225® 
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Examples 4 


1. Find the values of 

sin (-870®), tan (-855®), cos (960®), cosec (-660®), 
cot (840®), sin (930®). 


2. Find the values of 


sin 


1 Itt 

"4 ’ 


tan 


1671 * 



1 Itt 

3. When «<.= find the numerical value of 
4 

sin^oc— cos^oc+2 tan oc— sec^oc. 


4. Solve for 0, numerically less than 360°, satisfying the 
following equations 


(i) cos 

(ii) sin^=— ^ 


(V) 

(vi) 


cosec 6= 


sec 6= — •v/'i. 


(iii) tan 

(iv) cot ^= — 1 


5. Simplify 

..V sin (18 0°-e ) cot (90° -0) cos (360° -61) 
* tan (180° + ^) tan (90°+^) ’ sin 

cos (90°+^) sec{—d) tan (180°— 6) 

^ ' sec (360° + 6) sin ( 1 80° + 0) cot (90° -^1 

(iiil (^80°— cos{-0) 

' “sec (18"0°+e) "‘ cos (90° + ^) 


6. Prove that 

(i) sin {»7r+(— 1)” ^ }=sin ^ 

(ii) tan (nwijj — ±1, where n is any integer. 

(iii) cos (ww+o()=(— 1)” cos «t. 
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7. Evaluate the following 

(i) sin® j+sin® ^+sin® ^~+sin® ^ 

(ii) cos® 5-1-cos® -5 -f cos® -1-cos® -- 

o 00 


(iii) cos «c-l-cos (7r-(-oc)-l-cos (27r-f cc)-l- to n terms. 

-• V . ’’T . 3it Stt . Itt . 9n 

(IV) tanjj. tan JJ, tanjj,. tan . tan^ 


(V) 


cos 0-1- sin (—6) 
sec 0-1-tan 



8. Solve for 0, between 0® and 360® 

(i) 6 sin® 0—5 sin 0—1=0 

(ii) 8 sin® 0-1-6 cos 0—9=0 

(iii) 4 sin® 0-1-3 cosec® 0=7 

(iv) 3 (sec® 0-t-tan® 0)=5 
^v) 2 (cos a;-l-sec x) =5 

(vi) cot 0— tan 0= 

V3 

(vii) 2 sin 0=tan 0 


9. If A, B, C are the angles of a triangle, show that 

(i) sin (A-l-B)— cos C=cos (A-t-B)-t-sin C 

(ii) tan (B4-C) -1-tan (C-l-A)-ftan (A-fB)=tan (ir— A) 
-f tan (27r— B)-l-tan (3»r-C) 


10, If A, B, C, D be the angles of a quadrilateral, 

show that cos — cos 5i--=0. 

If the above quadrilateral be inscribed in a circle, 
show that 2 cos A=0. 




Addition And Subtraction 
Formulae 

5-1. To prove the formulae 

sin (A+B)=sin A cos B+cos A sin B 
cos (A+B) — cos A cos B~ sin A sin B 
Let the Z.XOY=A, and ZYOZ=B where A and B are 

positive ; then ZXOZ 
=A + B. 

On OZ, the boundary 
line of the angle A + B 
take any point P *, draw 
perps. PM and PN to 
OX and OY respectively. 
Also draw perps. NR 
and NS to OX and PM 
in order. 



By definition 

/A . n^ PM_PS + SM_PS+NR_NR^ 
sin (a+B)=— — - p_ — QP + 


PS 

OP 


_NR ON PS PN 
ON’ OP- PN’ OP 
=sin A cos B+cos SPN . sin B. 

But ZSPN=90‘’-^SNP=ZSNO=zlNOR=A ; 
sin (A+B) =sin A cos B+cos A sin B 

OR-SN_OR. 
OP OP 

^OR ONSN ^ 

ON OP PN ■ OP 
=cos A. cos B— sin SPN. sin B 
or, cos (A+B)=cos A cos B— sin A sin B 


Similarly, cos {A+B)=®-^=^5^^ 


• ( 1 ) 
SN 
OP 


.( 2 ) 
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5-2. To prove the formulae 

sin (A— B)=sin A cos B— cos A sin B 
cos (A— B)=cos A cos B-f-sin A sin B 



Let the Z.XOY=A and Z.YOZ=B where jA is positive, 
B negative andA>B; then Z.XOZ=A — B. 

On OZ, the boundary line of the angle A— B, take any 
point P ; draw PM and PN perps. to OX and OY respectively. 
Also draw NR and NS perps. to OX and MP (produced) in 
order. 

By definition 


sin 


PM_SM-SP_NR-SP_NR 
OP OP OP OP 

_NR ON SP W 
ON ■ OP NP ■ OP 


SP 

OP 


=sin A cos B-cos SPN. sin B 
But ZSPN=90‘’-Z.PNS=ZSNY=^YOX=A. 

sin (A— B)=sin A cos B— cos A sin B (3) 


similarly, cos 


(A-B) = 


OM 

OP 


OR-l-RM_OR+NS_OR NS 
OP OP OP"^ OP 


OR ON ^ NP 
ON ■ OP'^NP ■ OP 


=cos A cos B-l-sin SPN. sin B 
cos (A— B)=cos A cos B-f-sin A sin B (4) 

Note : The expansions of sin (A ±B) and cos (A±B) are generally 
called the 'Addition and subtraction theorem’. 
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In the above proofs, the angles A, 3, A+B are all less 
than 90® and A— B is positive. With certain modifications of 
the figures, the above theorems may be proved for angles of 
all magnitude. 

We give below a proof of the theorems for angles of any 
magnitude, assuming the theorems to be true for acute angles. 

Let A and B be two acute positive angles and A + B <90® j 
now let A'=90°+A and B'=B. 

sin (A'+B')=sin {(90°+A) + B}=sin (90®+A+B) 
=cos (A+B) 

=cos A cos B — sin A sin B (by Art. 1) 

= sin (90® + A) cos B + cos (90® + A) sin B, 
since, sin (90®+A)=cos A and cos (90® + A)= - sin A 

/. sin {A'+B')==sin A' cos B'+cos A' sin B' 
similarly for the other ratios. 

Thus the theorems are perfectly general. 

Caution ! sin (A+B) is not equal to sin A±sin B 
cos (A+B) is not equal to cos A+cos B 
and so on ; 

This is because ‘sin’, ‘cos’ etc. are not numerical quantities ; 
rather only ‘sin’, only ‘cos’ bear no meaning unless they arc 
associated with somo angle. 

sin (A+B) means ‘sine’ ratio of the angle A + B. An 
example will illustrate the case. Let A=30'’, B=60® 

.*. sin (A+B)=sin (30® +60®) 

=sin 90®=1 

But, sin A+sin B=sin 30®+sin 60® 

^lys \/3+i 

2 

5-3. Values of sin 75% cos 75°, sin 15°, cos 15° 

sin 75®=sin (45®+30®) 

=sm 45® cos 30®+ cos 45® sin 30® 

= _L :^+Jl 1 

V2 * 2 2 

_V3+1 

2V2‘ 
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cos 75°=cos (45° +30®) 

=cos 45° cos 30°-sin 45° sin 30° 

= L J_ 1 

■ 2 V2 ■ 2 

_V3-1 
'2^2 ' 


sin 15°=cos (90°-15°)=cos 75° = "'/^ 

2V2 


COS 15°= sin 


(90°-15°)=sin 


'yrO 3 "1“ 1 

" 2vr 


N. B. sin J5° may as well be deduced by expanding sin (45°— 30°) and 
similarly, cos 15° by expanding cos (45°— 30°). 

5-4. To prove 

(I) sin (A + B) sin (A — B)=sin2A — sin^B 

=cos2B— cos^A 

(II) cos (A+B) cos (A-B)=cos2A^sin2B 

=cos2B — sin^A 


(I) Left side = (sin A cos B+cos A sin B) (sin A cos B 

—cos A sin B) 

= sin^A cos^B — cos'-^A sin^B 
=sin2A (1 — sin^B) — (1 — sin^A) sin^.B 
=sin^ A — sin-B 
=(l~cos‘^A) — (1 “Cos^B) 

=cos^B— cos“A 

(II) Left side=(cos A cos B-sin A sin B) 

(cos A cos B+sin A sin B) 
=cos^A cos^B— sin‘^A sin^B 
=cos^A (1— sin‘^B)-(l— cos^A) sin^B 
=cos^A— sin^B 
= (1 — sin-A) — (1— cos^B) 

= 008 ^ 8 — sin^A 


5-5. Prove the formulae 


tan (A+B)= 
tan (A— B) = 


tan A+tan B 
1— tan A tan B 

tan A — tan B 
1+tan A tan B 


( 5 ) 
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tan 


(A+B) 


sin (A + B) 
cos (A+B) 


sin A cos B+cos A sin B 
cos A cos B — sin A sin B 


sin A ^sin B 
cos A cos B 
2_ sin A sin B 
cos A * cos B 


dividing both numerator 
and denominator by 
cos A cos B,' 


_ tan A + tan B 
l — tan A tan B 

similarly, it can be proved that 


tan 


(A-B) = 


tan A— tan B 
1 +tan A tan B 


5-6. Prove the formulae 


cot + 

cot B+cot A 

cot (A— B)=— ~ 

cot B— cot A 

cot (A+B)=— + 

sin (A+B) 


COS A cos B — sin A sin B 


.( 6 ) 


sin A cos B+cos A sin B 


cos A 
sin A* 
cos B 


cos B_ j 
sin B 


^cos A 

sin B sin A 

cot A cot B— 1 


dividing both numerator and 
denominator by sin A sin B, 


cot B+cot A 

Similarly, it can be proved that 
cot A cot B+1 


cot (A— B) = 
5-7. 


cot B -- cot A 
Values of tan 75° and tan 15° 
tan 75°== tan (45° +30°) 

= tan 45°+ t an 30^ 
l — tan 45®. tan 30° 
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1 + — 

VJ^V3±1 

l__i V'3-1 

V3 

_ (\/3 +l) ( VS + l) rationalising the 
3 - 1 denominator, 

=1±2V3=2+v'3 

tan I5*=tan (45°-30‘*) 

_ Jan_45^— tan 30° 

1+tan 45° tan 30° 

1 _ ^ _ 

V3 V3-1 

-_i:-v 3 +i 

V3 

_(V3-1) (V3-1) 

3-1 

z=^~^yJ=.2-^/s 

Note: These values may as well be deduced by writing tan 75® = sin 
75°/cos 75° etc. and utilising the values given in Art 3. 


5-8. Prove the formulae 


tan (45®+A)= 


1-htan A 
i— tan^ 


tan (45°-A) = ^r:l®“-A 
H-tan A 


(7) 


tan (45°+ A) 


tan 45°+ tan A 
i — tan 45° tan A 


tan 


/A<;® A^— 45°— tan A 

' ^ 1+tan 45° tan A 


1+tan A 
1 - tan A 

1— tan A 
1+tan A 


5-9. Expand (i) sin (A+B+C) 

(ii) cos (A+B+C) 

(iii) tan (A+B+C) 
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8ln(A+B+C)=sin (A+B+C) 

=sin (A+B) cos C+cos (A + B) sin C 
= ^sin A cos B + cos A sin B) cos C 

+ (cos A cos B— sin A sin B) sin C 
=sin A cos B cos C-f cos A sin B cos C 
+COS A cos B sin C-sin A sin B sin C 
=cos A cos B cos C (tan A+tan B+ 
tan C - tan A tan B fan C) 

cos (A+B + C) =cos (A+B+C) 

=cos (A + B) cos C— sin (A+B) sin C 
= (cos A cos B— sin A sin B) cos C 
— (sin A cos B+cos A sin B) sin C 
=C08 A cos B cos C— sin A sin B cosC 
—sin A cos B sin C— cos A sin B sin C 
=cos A cos B cos C (1— tan A tan B 
— tan C tan A -tan B tan C) 


tan (A+B+C)=tan (A+B+C) 

_ tan (A+B)+tan C 
1— tan (A+B) tan C 


tan A + tan B 
1— tan A tan B 


+tan C 


1 


tan A+tan B 
1— tan A tan B 


tan C 


tan A+tan B+tan C-tan A tan B tan C_ 
r^tan A tan B-tan B tan C— tan C tan A. 


Otherwise : 


tan (A+B+C) 


sin (A+ B+C) 
cos (A+B+C) 


cos A cos B cos C (tan A+tan B + t an C-tan A tan B tan C) 
*cos A cos B cos C (1 — tan A tan B— tan B tan C— tan C tan A) 

_ tan A+tan B+tap C— tan A tan B tan C 
'^l-tan A tan B-tanB tan C-tan C tan A 
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5-10. Illustrated examples 

Ex. 1. If A, B are positive acuUe angles and cos A=\and 
sin B=-^-g,find cos (A—B) and sin (A-\-B) 

V cos A = I , sin A = V l— = f. 

V sin B=j^, cos B= V 1 =i| 
cos (A— B)= cos A cos B -I- sin A sin B 

_3 12 , 4 5 

“5 • i3‘^5 • n 

_ 36-|-20 56 
65 65 


and sin (A-f B)=sin A cos B— cos A sin B 

_i i2_3 5 

"5 • 13 5 • 13 

^^- 15^33 
65 65 


Ex. 2. Show that ^\=tan <<.+tan p 

COS oC cos P 


Left 


< cos ^+co s < sin jS 
cos oc cos 


_sin ec_j_sin p 
cos oc cos P 
==tan oc+tan P 


Ex. 3. Show that tan {A + B) tan (A - B) = ^ sin^ B 

cos^ A-sin^ B 


Left side= 


sin (A+B) sin (A—B) 
cos(A+B)* cos (A — B) 


(sin A cosB + cos^sin ^)(sin A cos B— cos A sin B) 
(cos A cos B— sin A sin Bj(cos A cos B+ sin A sin B) 

sin^ A cos^ B— cos^ A sin^ R 
cos^ A cos- B-sin^ A sin‘-^ B 


sin^ A (1 — sin^ B) — (1 — sin^ A) sin^ B 
cos^ A (1 — sin^ B)— (1— cos® A)sin^ B 

sin® A— sin^ B 
cos® A— sin® B 
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Ex. 4. If A + B+C^^tt and coa A=^co8 B cos G, show 
that tan A=tan B+tan C 

^ . sin A sin (tt— B+C) . 

tan A= -= „ - - (from given conditions) 

cos A cos B cos C 

_ sin (B + C) 
cos B cos C 

_sin B cos C-|^cos B sin C 
cos B+cos C 

_ sin B ^ sin C 
~^cos B cos C 

=tan B+tan C 
Ex. 5. Show that 

cos 8 —sin 8 

Right side = tan (45® + 8®) 

1 + tan 8® 

“‘l-tan 8® 

= 8® _ cos 8® + sin 8° 

I _sin 8° cos 8® — sin 8® 
cos. 8® 

Ex. 6. If an angle 6 is divided into two parts «c, j8 svch 
that tan oc : tan fi=x : y, show that 

sin (oc— j3)=^ sin 9, 
x+y 

\\7^ < cos 6 

We nave) ■ ~ j, : — 

y tan p cos < sm 

• y _sin < cos jS—cos sin /8 

x+y sin X. cos jd+cos sm /i. 

_sio («c--i8) 
sin (‘>c+^) 

(V K+p=e) 

sm 6/ 

sin («t— i3)=*-7-^ . sin fl. 

' x+y 
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Examples 5 


1. Given sin cos i3=|, find cos (ec+jS) ; ^ are 

positive and acute 

2. If sec A=-V” cosec B=.|, find sec (A+B) 

3. Prove that B— cot A 

sin A sm B 

4. Show that S P^S^T . ^ l=cot < cot jS+l 

sin < sm p 

5. Show that 

cos p cos y cos y cos "C cos <. cos p 

6. Prove that 

(i) sin (A+2B) cos A+cos (A+2B) sin A 

- sin (2A+2B)=0 

(ii) sin A cos (B-f-C)— sin cos (C+A) 

— sin (A— B) cos C— 0 

(iii) sin px cos (p— 1) ic— cos px sin (p—l) a:=sin x 

7. Show that sin 20. cos t?+cos 26 sin 0=sin 40 cos 6 

—cos 40 sin 9 

8. Show that cot 2A+tan A=cosec 2A 

9. Show that tan-^A~tan^B='^i".lA + li)si.nJA^ 

cos'^A COS'® B 


10 . 

(i) 

(ii) 

(iii) 

(iv) 


Prove the following identities 

sin (A — B) ^ sin (B— C/_^sin (C-A)_q 
sin A sin B sin B sin C sin C sin A 
sin (B — C) sin (C — A) 4 _sm (A—B ) _q 

cos A cos B 


sin (C — A) 
cos B cos C cos C— cos A 


=tan B 


tan A — ta n (A — B) 

1 -f tan A tan (A — B) 
li-tan oc. tan 2oc~sec 2‘>c 

cos A-l-sin A 
cos A — sin A 


(v) tan (45° + A) 

(Vi) 

(vii) 

(viii) sec (x+y): 


T- - S=tan2 (!I + 0 \ 

1— Sin 20 U ^ / 

tan (A-|-B)+tan (A— B) = 

sec X sec y 


sin 2A 


cos®A— sin*B 


1 —tan X tan y 
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Prove UMt 

„ l-tan» (45“-A)_ . .. 
1+tan* (45° -A) ** 

12. cos®*c+sin®oc=l— I sin22«c 

4 


COS A— sin A 
cos A+sin A 


=sec 2 A— tan 2 A 


tan 3A-tan A cot 3 A— cot A 


=cot 2A 


tan 30+ tan 0 cot 30+ cot 0 


=cot 40 


16. tan 3A— tan 2A— tan A=tan 3A. tan 2A. tan A 


cos 13®+ sin 13° 
cos 13°— sin 13° 


=tan 58° 


18. If sin x. sin j8— cos < cos 10+1=0, show that 

1+cot X tan i8=0 

19. If m cos {x-\-d)—n cos {x—6), show that 

(m+w) tan x=(m—n) cot 0 

20. If A+B+C='n', and cos A=cos B cos C, 

show that 2 cot B cot C=1 

21. If cos (iS-»y)+cos (y-x)+cos (x-j8)=-|, show 
that (sin x+ sin j3+sin y)^+(cos x+cos jS+cos y)2=0 and 
hence prove, P sin x=0 and ii" cos x=0 

22. If cos x=cos i8+cos*i3 and 

sin x=sin j3— sin*i3, prove that 
sin(x-^)=±^ 

23. If Z=l prove that tan X tan j3 

tanx sm^x 

=tanV 




Transformation of Products and 
sums of Trigonometrical Ratios 

6-1. Transformation of products into sums or 


differences. 

From addition formula: 

sin A cos B -fees A sin B= sin (A -t-B) (1) 

sin A cos B— cos A sin B=sin (A — B) (2) 

Also, cos A cos B— sin A sin B=cos (A-l-B) (3) 

cos A cos B-i-sin A sin B=coS‘(A— B) (4) 


Adding (1) and (2) : 2 sin A cos B=sin(A-|-B)-t-sin(A — B) 
Subtract (2) from(l) : 2 cos A sin B=sin(A4-B)-sin(A— B) 
Adding (3) and (4): 2 cos A cos B=cos(A-l-B)-fcos(A— B) 
Subtract (3) from(4) : 2 sin A sin B— cos(A- B)— cos(A-f B) 
These formula: enable us to transform 

(i) the product of a sine and a cosine into the sum or 
difference of two sines. 

(ii) the product of two cosines as the sum of two cosines, 
(ill) the product of two sines as the difference of two 

cosines. 


Note : The above formulae may be conveniently remembered thus 
2 sin A cos B=sin (sum) - 1 - sin (diff.) 

2 cos A sin B=sin (sum)— sin (diff.) 

2 cos A cos B=cos (sum)-l-cos (diff.) 

2 sin A sin B=cos (diff.)— cos (sum) 

Note that in the last formula, the ‘diff.’ precedes the ‘sum’. 
6-2. Transformation of sums or differences into 
products 

Let A-f B=C and A— B=D. 



n-C-D 
B ^ 



so 


^nUOONOHBTBT 


Substituting for A, B in the set of formulae of the previous 
article we at once obtain 


sin G-f-sin D—2 sin^^~ cos — 

2 2 

sin C-sin D=2 cos- sin 

2 2 

cos C+cos D=2 cos^iP cos 

2 2 

cos C-cos D=2 8in^±P sin — ^ 
2 2 


( 2 ) 


Note : This set of formulas is of great importance in trigonometry 
and the students should master it thoroughly for further progress. 

As an aid to memory we give the following verbal statement 
of the formulae. 

sum of two sines =2 sin (J sum) cos diflF.) 

diff. of two sines =2 cos sum) sin diff.) 

sum of two cosines =2 cos sum) cos diff.) 
dilf. of two cosines=2 sin (^sum) sin diff.reversed) 

6-3. Illustrated examples 

Ex. 1. Showthatsin59+sin2O — sin9=sin20{2 cos 30+1) 
Left side=(sin 5^— sin ^)-f sin 29 
=2 cos 39. sin 2^4- sin 29 
=sin 29 (2 cos 35-1-1) 


Ex. 2. Prove that cos 20° cos 40° cos 60° cos 80°=-j-^ 

(B. H. V. 1951) 

Left side=| cos 20° cos 40° cos 80° ( V cos 60°=|-) 
cos 20° (2 cos 40°. cos 80°) 
cos 20° (cos 120°-|-cos 40°) 

=4 cos 20° (— l-fcos 40°) 

=4 {2 cos 40° cos 20° -cos 20°} 

(cos 60° -1-cos 20° —cos 20°) 

=1 cos 60® 

cos60°=4) 
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Ex. 3. Prove that cos lOO^'+cos 140^=0 

Left side = cos 20®+ (cos 100®+ cos 140®) 
=cos 20®+2 cos 120® cos 20® 
=cos 20®+2 (~4) cos 20® 

=cos 20®— cos 20® 

=0 


Ex. 4. Show that 


sin 7 A— sin 3 A— sin JA+sin A 
cos TA+cos 3 A— cos 3 A— cos A 


==tan 2A 


L ft ‘d — 7A+sin A) — (sin 5A+sin_3A) 

(cos 7 A— cos A)~(cos 5 A— cos 3 A) 

_ 2 sin 4 A cos 3 A —2 sin 4A cos A 

2 sin 4A sin (--3A)— 2 sin 4A sin (—A) 

_2 sin 4A (cos 3A-- cos A) , 

~”2 sin 4 A (sin A - sin 3 A) 

__ 2 sin 2A sin (—A) 

2 cos 2 A sin (—A) 

= tan 2A 


Ex. 5. Express 4 cos < cos jS cos y as the sum of four 
cosines 

Expression=2 cos oc. {cos (^+y)+cos {P—y)\ 

=2 cos cos (P+y) + 2 cos < cos (^— y) 

=cos (oc+i3+y)+cos (cc— y)+cos 

(‘<+0-y)+cos («c-^+y) 

Ex. 6. If sin x=k sin Vy prove that 


tan 


tan 

2 k+1 


jx+y) 

2 


We have, 

sm y 

. sin a;— si n y_k— 1 
sina:+siny k+1 
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or, 


2cos*V". Sin^ 

o • oc+y x—y 

2 sin — ~ cos — — ^ 
2 2 


k-1 

k+1 


or, 

or, 


.x+y . x—y k— 1 

cot tan — •= — 

2 2 k + 1 




Ex. 7. Prove that sin^5x—sin^3x=sin 8x- sin 2x 

Left side = sin (5a;+3a;). sin (5:c— 3a;)=sm 8x sin 2x 

[ Vide Art. 5-4 ] 


Ex. 8. If cosec A+sec A=cosec B~\-$ec show that 


tan A tan B=coi 


A + B 


[F. V. 1936] 


We have, sec ^ — sec B= cosec B— cosec A 

1 1 _ 1 _ ] 

’ cos A cos B sin B sin A 

cos B— cos A_sin A-sin B 
’ cos A cos B sin A sin B 

2 sto^. 2 cos-''+? 

2 2 2 2 _ 

COS A cos B “ sin A sin B 


or, 


sin A sin B 
cos A cos B 
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Examples 6 


Prove that 

. sin A sin B ^ A + B 
cos A-fcos B 2 


[A. U. 19551 


sin oc— sin 2oc+sin 3'>c=4 sin^ cos < cos-'* 

‘2 2 


3. sin A +2 sin 3A+sin 5A=4 sin 3A cos® A 


4. 


s in 5 A— sin 3A 
cos 5A+COS 3 A 


=tan A 


5. 


sin 2«c +sin 5<t— sin < 
cos 2<<.+cos 5«c+cos < 


=tan 2*c 


6 cos 7 ff+c os 3^ — cos 5^— cos 2 $ 

sin 70— sin 30— sin 50+ sin 0 

7. cos 20° cos 40° cos 80° 

8. sin 20° sin 40° sin 60° sin 80 °=tV [P. U. 1942] 

9. cos 80° + cos 40°— cos 20° =0 

10. sin 78°-sin 18°+cos 132° =0 

11. sin®50— sin®20=sin 7A sin 3A 


12 . 


co^±sin^^j^„ 54° 
cos 9 +sin 9 


(use sin 0=cos 90°— 0) 


13. 


sin 40°+ cos 10° _ ^ 20° 

cosW'-sin 10° 


14. 


cos 10°— sin 10° 
cos 10°+ sin 10° 


=tan 35° 


15. sin ("C+iS+yl + sin ("C— 18— y)+sin (<+^— y) 

+sin {< — |3+y)=4 sin <. cos jS cos y 

16. sin (/5+y— et)+sin (y+<-i8)+sin (•c+^— y) 

—sin (•c+j8+y)=4 sin < sin jS sin y 

17. cos O+y— <■)- cos (y+«t— ^)+cos («c+/3— y) 

—cos («c+i3+y)=4 sia < cos /3 sin y 
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18 , 


19 . 


20 . 


21 . 

22 . 

23. 


24. 


25. 


26 . 


27 . 


cos <+C08 j8+cos y+cos (•c+jS+y) 

=4 cos^^ cos-^^^ 

2 2 2 

cos A— cos (60®+A)— cos (60®-A)=0 
sin A+sin (60® -A) — sin (60°+A)=0 

2 sin A 

2 2 cos A + cos B 

If show that tan 

a b 2 a-6 2 

If X cos A+2/ sin A—1c=-x cos B+2/ sin B, show that 


cos 


^ y _ ^ 

A + B . A + B 
sin 


2 


2 2 
If sin ^+sin <f)=a and cos ^ + cos ^=6, show that 

cos~^=2V«‘'‘+^>*» 


cos 






L-_ , and 

. to' 


tan 


I 4— a**— 


xjT COS X CL .1 . 

If = _ prove that 

cos y b 

a tan x+h tan y={a+b) tan-^^ 

If A +3 =90°, show that the greatest value of 
cos A cos B=^ 

Show that 

/cos A+cos B V* / sin A+sin B \” _2 
Wn A— sin B / \cos A— cos B/ 2 


or zero, according as n is even or odd. 


[P. U. 1933] 




The multiple and 
sub-multiple angles 


If A be any angle, angles 2A, 3A etc. are said to be the 
multiples of A and angles Aj2, AjS etc. the sub-multiples of A, 

7.1. Trigonometrical ratios of angle 2A 
sin 2A=sin (A-j-A) 

=sin A cos A+cos A sin A 

OT, j sin 2A=2 sin A cos A 

cos 2A=cos (A -HA) 

=cos A. cos A — sin A sin A 


or, cos 2 A=cos®A— sin® A (2) 

= 2 cos® A— 1 (3) 

or, =1-2 sin® A (4) 

From (3) and (4), we get, by transposition, 

1-Hcos 2A=2 cos® A (5; 

1 — cos 2A=2 sin® A (6) 

By division, l:z£?.?_?^=tan®A ' (2) 

l-Hcos2A j 

tan 2A=tan (A-HA) 

_ tan A -H tan A 
~1— tan A. tan A 
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7*2. To show that 


(ii) cos 2A=- 


(i) sin 2A= 

^ l+tan^ A 

(ii) cos 2A=- — — 

^ ^ 1+tan* A 

(iii) (l±sm 2A)=(cos A±sin A)* 
sin 2A=2 sin A cos A 

2 sin A 2 A 
cos A 

=2 tan A cos^ A 
_2 tan A 
sec* A 


or sin 2A = 


2 tan A 
1 + tan* A 


cos 2A=^cos*A— sin*A 

=cos*A (l--tan*A) 
_ 1— ta n*A 
sec* A 


or cos 2A = 


j— tan* A 
l+tan* A 


l±sin 2A = (cos*A + sin*A)±sin 2 A 

=cos*A+sin*A±2 sin A cos A 
=(cos A±sin A)* 

7-3. Trigonometrical ratios of angle 3A 


..(9) 

( 10 ) 

( 11 ) 


sin 3A=sin {2A+A) 

=sin 2A cos A+cos 2A sin A 
=2 sin A cos*A + (l— 2 sin®A) sin A 
=2 sin A (1 —sin® A) + (1—2 sin®A) sin A 

or ; sin 3A=3 sin A— 4 sin*A | (12) 

cos 3A=cos (2A+A) 

=cos 2A cos A— sin 2A sin A 

=(2 cos®A— 1) cos A — 2 sin*A cos A 

=(2 cos*A— 1) cos A— 2 (1— cos*A) cos A 
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or cos 3A=4 C09*A— 3 cos A 


tan 3A=tan (2A+A) 

_ tan 2A+t an A 

1 - tan 2A. tanA 

2 tan A , __ , 


I — tan®A 


4 tan A 


1 — tan -A 


or tan 3A = 


3 tan A— tan'^A 

^1 ^ tM^A~” 


Note; The above formulas are all perfectly general, that is, they are 
true for any value of A. 

7-4. If in the above formulae for multiple angles we put 

A andf respectively, we have the following set of formulae 
J o 

for the submultiple angles 

A a 

sin 0=2 sin S cos^ 

Z A 

COS 9=cos^--“Sin^ | 

=2cos‘^|— 1 


= 1-2 sin* 


L-_?os<'=tan*» 

1 + COS0 


2 tan 

tan 0= 

1 — tan* 


sin 0=. 


0 

tan _ 

2 

tan* - 

2 

2 tan 0 


14 - tan*; 


1 -tan*j 


l+tan*“ 
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sin =3 slnf _ 4 sin*^ 

3 3 

cos 0=4coa» |_3 cosl 

o a 

g 

3 tan tan* 
tan 0=— 

1-3 tan*f 
0 

6 A 

7-5. Given cos fl, to find sin^ and cos ^ 

A 2 

Q 

Since, cos ^ = 2 cos- ^ - 1 
1-2 sin* J 

2 = ±\/|- (i^— cos fl) and, 

0 

cos 2 =±-y/|; (i_j_cos~^) - (le) 

Corresponding to one value of cos therefore, there are 
0 0 

two values of sin g and cos 

The presence of double value is explained thus : If cos 6 
is given and nothing about 0 be known, there is a series of 
0 0 

values of 0 and so of g • The angle ^ may, therefore, lie in 
d B 

any quadrant and sin cos ^ have the corresponding signs. 

The ambiguity of signs is removed if the quadrant to which 
B belongs be known. 

0 9 

7-6. Given sin 9, to find sin and cos ^ 

We have, sin*^-l-cos®|=l 
9 6 

and 2 sin g cos i=sin 9. 

A A 

* / 6 0 \ 

By addition, f sin ^ 4- cosg j * = 1 -f sin ^ 
and by subtraction,^ sin cos * =1— sin 9. 
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/. sin I+C08 | = ±v''l+8ln 0 
sin cos ^=±\/l“Sin 

a 

and cos |=±^v'n-sinl T Wi’^sinX (17) 

Since there is a double sign before each radical, there are 

0 0 
four values for sin ^ and four values for cos ^ corres- 
ponding to one value of sin 6. 

As before, the ambiguities of sign are due to the fact that 
when sin 0 is given and nothing about 0 is known, there is a 

Q 

series of value of ^ and consequently of ^ . The ambiguities 

may be removed if, in addition to the value of sin 0^ we know 
that 0 lies between certain limits. 


Q 

7-7. Given tan 0 , to find tan ^ 

2 tan I 

tane= ^ 

l-tan*| 

0 0 

or, tan ^ tan^ ^+2 tan tan 0=0- 

From this quadratic equation, 

0 _ ~2±\/4+4 tan 0, tan 0 

*“2 


_ “ liV 1+tan® 0 
~ tan 0 

The presence of the double value may be explained as in the 
previous cases. 


7-8. 


Trigonometrical ratios of 


_ from those of 0 
3 
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So, if sin 6 be given, we have a cubic equation to find 

g 

sin g • So corresponding to one value of sin there are 
a 

three values of sin - , 

ti 

Q A 

Similarly, we may derive the values of cos ^ and tan ^ 

respectively from those of cos 6 and tan B. 

7-9. Ratios of 18”, 36% 54% 72* 

Let ^=18° ; then 5^=90* 

20=9O°-30. 
sin 20= cos 30 

or, 2 sin 0 cos 0=4 cos*0 — 3 cos 0, 

or, 2 sin 0=4 cos®0— 3, Dividing by cos 0 ( V cos B^O). 
=4(l-sinS0)-3 

or, 4 sin®0+2 sin 0— 1=0 

.In «_-2± V4~+ r6_ -l±V5 

8 4 

Since 18° is an acute angle, we take the+ve sign : 


sin 18°=^^-^ 
4 


cos 18° = + Vi -sin® 18° 


= U 6-2V5 
N 16 

or. cos 18°=|vi0+2 V5 
Since 72® and 18® are complementary, 
sin 72°=cos 18°=jVl()+2V5 

cos 72*=sin 18°=^“^ 

4 


.(18) 


.( 19 ) 
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again, cos 36“=l-2 sinM8“ 

=l(VB+l) 

sin 36°=Vl — cos'-* 36°=i(VlO— 2v^5) 
Since 54° and 36° are complementary, 
sin 54°= cos 36°=i(-v/y + l) 

cos 54 °=sin 36°=i(V 10 — 2\/5) 


7-10. Illustrated examples 

Ex. 1 - Express cos 4 A in terms of sin A 

cos 4A=1 — 2 sin®2A 

=,1_2 (4 sin®A cos®A) 
= 1 — 8 sin^A (1 — sin®A) 

= 1 — 8 sinf A + 8 sin^A 


Ex. 2. If tan x=bla, find the value of a cos 2x-\-b sin 2r 

. ^ 1-tan^T,, '2 tan a; 

a cos 2a: -+-6 sm 2a:— a. ^ ■’ H-tan®a: 


a‘' 


1 -', 

^ JUh “ 



a 



a^ - 1 - 6 ® 
a«-t-6® 
a 


—a 
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Ex. 3, Praoe that sin^5x—8m^3x=8in 8® sin 2x 

(of: Ex 7, Art 6-3 ) 
Left side=(sm 5®-|-sin 3x) (sin 5®— sin 3®) 

=(2 sin 4® cos ®) (2 cos 4® sin ®) 

=(2 sin 4x cos 4x) (2 sin x cos x) 

=sin 8x. sin 2x 


Otherwise : 

sin 8® sin 2®=|- (cos 6®— cos 10®) 

=1- (1-2 sin®3®-(l-2 sin*5®)} 
= sin *5®— sin® 3® 


Ex. 4. Prove that 2A-tan 2A 

COS Ah- sin A 


Right side= — 

cos 2A 


sin 2A 
cos 2A 


1^— sin 2A 
cos 2A 


_cos^A4-sii^^ A--^ sin A c os A 
cos^A— sin^A 

(cos A — sin A)® 

(cos AH- sin A) (cos A— sin A) 

' — A — sin A 
cos AH- sin A 


Ex. 5, If 2 tan ^<.=3 tan p, prove that 


Now, 


tan (C. U. 1946 ; A. U. 1949) 

5-cos2i8 ’ 

V 2 tan »t=3 tan /3 tan «c=| tan (3 

tan <-tan ^ _ f tan tan ^ 

1 -f tan "C tan /S 1 tan®/S 

sin y3 

_ tan i3 _ cos P 

2+3 tan®i3 2+3^^^ 
cos®/S 


2 sin j3 cos jS 

4 cos*j9-f 6 sin^p 4 cos^P+6 (1— cos*i8) 
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_ siaip _ sin2/3 
6-2cos®;8 5-(2cos*j8-I) 

_^in 2jS 
5— cos2jS 

Ex. 6. ^ ac anrf P are acute angles and cos 2cc=^ 2P—1 

3 — co82p 

(C. U. 1941) 

that tan oC = \/2 tan p 

3(l-^tan ^i8) , 

We have, = 

1 + tan 2 «c ' 1— t an-^jS 

l+tan'^/S 

^2[l-_2jan2j3) 

2(1+2 tan®/3) 

_1 — 2tan®i3 ' 

~l+2 tan-/! 

By «omp. and div., 

2 tan*"t_4 tan^jS 
2 2 

or tan*«.=2 tan*^ 
tan »c=±\/^ tan ^ 

•/ <c, )S are acute, only the positive value is to be taken. 

Ex. 7. Prove that sec d+tan d=tan^-\--^ 

[C. U, 1939, P. U. 1950] 


Left 


side = 


1+sin 0 
cos 0 


ysiOa+cos ^) 
cos^l-sin^ I 


6 0 ^ 
cos ^+sin ^ 1+tan^ 

cos ^-sm g 1-tan^ 
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“•“(l+l)' 

Ex. 8. If tan-^ ~ .J | g ^**”!* show that 


cos <f> = 


cos d—e 


1— e cos 0 


[P. U. 1940, A. U. 1949] 


We have, tan2|=j7^tan®| 


2-]+e 


Now, cos <^= 




(l+e) tan* ^ 

' 


1 + tan*^ (l+e) tan* ^ 

" 1-1 :r 

1 — e 


1 -c- (l+e) tan* | 
l-e-!-(l+e) tan* | 

^1 — tan*^^ -e^l+tan*0 
i^l + tan — e^l — tao ' 

l-tan*| 

d-^ 

1+tan*^ 

l-tan*| 

1-e 1 

l+taa*| 

cos ff—e 
l—e cos 0 
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Ex. 9. Show that 

sin a:=2”cos2 cos|g. co^, cos|„ sin|„ 

sina:=2sin^ cos^ 

A la 

** sin2=2 sin^2 cos^2 

sin^2 sirigg cos^s 

/. sina;=2”cos| cosgg ©os?,. sin|„ 


Examples 7 


Prove the following identities 

1. tan 2A— sec A sin A=tan A sec 2A 

2 . » 

1+cos 2^4-sm 2B 

3. cos®oc+sin®x.= l— I sin® 2< 

. sin oc-Vi-fsin 2< . ^ 

4 . = = r=^COt < 

cos <<.— Vl + sin 2< 


(C. U. 1938) 


5 . sinA+sin2A 

1 +COS A+cos 2A 

6. 4 (cos*20®+cos*40°)=3 (cos 20*’+cos 40°) 

7. 4 (cos*10°+sin*20°)=3 (cos 10°+ sin 20°) 

8. tan 3A— tan 2A— tan A=tan 3A tan 2A tan A 
5 
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sin 20“ cos 20“ 


10 . 


_J 1 

sin 15® cos 15® 


2^2 


11 . 


l-tan» (45°-g) 
1+tan® (45®H-0) 


=sin 20 


12. cos*(A- 120®) +cos*A+cos*(A+ 120°) 

13. cos0cos20 
sin 0 


14. costf cos2flcos 2*0...cos2" >0 

sin 0 


15. If 6=—-—, show that 2’* cos 0. cos 2 0. cos 2*0... 

*' 2 ’* 

cos’*-^0+ 1=0 (A. U. 1953) 

16. Show that ^^”^”®=(l+sec2 0) (l+sec2*0) 

tan 0 

(l+sec2‘'0) v--(l+sec2«0) 

17. If tan*a:+2 tan x tan 2y=tan*y+2 tan y tan 2x, prove 
that either tan a:=± tan y, or each side is unity 

18. If tan*A=H-2 tan?B, show that cos2B=l +2 cos 2A 

19 //tan (<+ff-y) r that S sin 2<=0 
tan ("t-^+y) tan ^ 

20. Show that tan^j+0^— tan^j— 0^=2 tan 20 

( A. U. 1957) 

21. Show that tan (|+0)+tan(|-0)=^^ 

j tan^jS 

22. If tan 0=CO3 2)3, prove that sin 20= ^ 

(P. U. 1940) 
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23. Find sin 22|° and cos 22|® from sin 45® 
-24. Find sin 3® and cos 3® 



32. tan 6“ tan 42® tan 66® tan 78° =1 (B. H. U. 1954) 

33. tan 7|®=V'6-V'3+a/2-2 

34. cot 142i®=V2+\/3-2-v'6 

35. If tan show that one of the valvtes 

^ cos cc+cos j8 

6 oc S 
■ of tan ^ is tan ^ tan £ 

36. // sin oc+sin i3=a and cos <+ cos p=b,whati9 the 
* vaitte of cos (•c+jS) ? 
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37. Determine the limits between which A must lie in 
order that 

(i) 2 sin A=\/r+sm2A- Vl-sin 2A 

(ii) 2 cos A=— -v/l+sin 2A+Vl-sin 2A 

(iii) 2sin A=-vr+snr^+v'r-iir2A 

38. Prove that 2 sin^A=±-\/l+sin A±\/r-¥n^A‘ and 

determine which are the correct signs when 270®>A>180® 

(B. H. U. 1931) 

39. If A =240®, is the following statement correct ? 

A ; 

2 sin 2 =Vt+sin A— \/l~sin A 

If not, how must it be modified ? 

40. //A=170® prove that tan ~ 

4 tan A 



General values and trigono' 
metrical equations 


8-1. If sin 0=^, what is 0 ? The immediate answer is 
^=rr/6. But this is not the only solution ; 0=7r— 7r/6 also 
satisfies the relation sin 0 = 1/2. In fact, all angles coterminal 
with these two values of 6 satisfy the above equation. 

Thus, although the trigonometrical ratio of a given angle is 
unique, the converse is not true ; in fact, corresponding to a 
given trigonometrical ratio, there is an infinite number of 
angles. We shall now derive general expressions to include all 
angles, having the same trigonometrical ratio. 

8-2. To find a general expression for all the angles 
having a given sine ( or cosecant ) 

Let <c be the smallest positive angle having a given sine. Let 
the angle XOP be «c and XOP' be it—k, and let OP, OP' be 



Fig. 27 

their bounding lines. Then the required angles are those 
coterminal with OP and OP'. 

The positive angles are, therefore, given by 2p7r+< and 
2pw+(ir— oc), where p=0, 1, 2, 3, so on. 
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The negative angles are given by 2gir—{ir+<t) and’ 

2gw— (2w-ec), where q=0, -1, -2, —3 so on, since the 

angle XOP' considered negatively is - (i7+«c)and XOP, — (2^— «c). 
The above angles may be grouped as : 


2pw+‘t 1 
(23 — 2)w+<<.] 


and 


f(2p-hl)ir-«. 
l(2g— l)w— t, 


Noting that even multiples of -n are followed by+‘C and 
odd multiples by— <, the general expression for angles equisinal 
with < is 


^=»7r + ( — l)”«t I 


where n=0, ±1, ±2, ±3, soon. 

This is also the expression for all angles having the same 
cosecant as k. 


Cor. If sin g=0, then 9=nir 

8-3. To find a general expression for ail the angles 
having a given cosine (or secant) 

Let «c be the smallest positive angle having a given cosine. 
Let the angle XOP be *1 and XOP' be In—K and let OP, OP' be 


P 



their bounding lines. Then the required angles are those 
coterminal with OP and OP'. 

The positive angles are, therefore, given by 2pn-\-><. and 2pir 
+ (2ir— where p=0, 1, 2, 3, so on. 

The negative angles are given by 2g'7r-«c and 2gn—{2Tr-K), 

where g=0,— 1,— 2,— 3, so on, since the angle XOP', 

considered negatively, is— < and XOP-(2w— <c). 
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The above angles may be grouped as : 


2p7r+flC' 

2^7r— < 




’(2p+2)ir~K 
2)w+«C 


Noting that the multiples of n are ai . ays even but may by 
followed by4-«c or by — <, the general expression for angles 
equi-cosinal with < is 


6=2nir±cc, I 

where n—0, ±1, ±2, ±3 so on. 

This is also the expression for all angles having the same 
secant as <c. 


Cor. If cos 0=1, then 0=2nn' 


8-4. To find a general expression for all the angles 
having a given tangent (or cotangent) 

Let «c be the smallest positive angle having a given tangent. 
Let the angle XOP be «c and XOP' be ir+K and let OP, OP' be 



Fig. 29 

their bounding lines. Then the required angles are those 
coterminal with OP and OP'. 

The positive angles are, therefore, given by 2gw-t-<and 
2jm+(ir+K), where p=0, 1, 2, 3, so on. 

The negative angles are given by 2gw— (w— <) and 

2g7T-(2ff— t), where g=0,-l,-2,-3 so on. since the 

angle XOP', considered negatively, is —(«■—<) and XOP, 
-(2^-k). 
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Tie above angles may be grouped as : 

{2q — 2)jr+<c/ t{2g — iW+flC 

Noting that the multiple of tt, whether odd or even, is 
always followed by+«c, the general expression for angles equi- 
tangential with < is. 

^ = n7r-|-eC, j 

where n=0, ±1, ±2, ±3 so on. 

This is also the expression for all angles having the same 
cotangent as <. 

Cor. If tan fl=0, then 0=nw 


8-5. Illustrated examples 


Ex. 1. Find the general solution of sin 6=^- 

/m 


ain 


e= 


V3 

2 


/. ^ (least value) =5 

.*. General solution is ^=nw+(— 1)”^, n being an 
integer or zero. 

Ex. 2. Find the general mliUion of tan^ 6=3 coaec^9—l 

(C. U. 1939) 


By transposition, tan?.5+l=3 cosec 
or, sec®5=3 cosec*^ 
or, tan*ff=3 

t&nd=±y/3 

From, tan ffi=v'3=tang , 

From, tan d=‘—y/'5=ta.n tf=nw— ^ 
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$=^n TT n bemg any integer or zero 

Ex. 3. Solve cos 96=^ cos 56 — cos 6 

By transposition, (cos 9^+cos 0)— cos 5^=0 
or, 2 cos 50- cos 4^— cos 5^=0 
or, cos 5^ (2 cos 40— 1)=0 


{ 


Either, cos 50=0, whence 50 = Inir j: \ i.e,0 = 

^ 10 

or, 2 cos 40—1=0, whence 40=2n7r±g i.e.0=^-^^~^— 


Ex. 4. Solve Ian x + tan 2x+tan x tan 2x—l 

( C. U. 1941, ’45 ) 


By transposition, 

tan a;+tan 2a;=l — tan x tan 2x 

tan ic-f tan 2x 
’ i —tan X tan 2x 

or, tan (a;+2a;)=l 
or, tan 3a; = l=tanj 


/. 3a;=7i7r+j 

/. x=^(nTT+^ where n is an integer or zero 


Ex. 5. Solve cos m6=sin nd 
Here, cos mO =cos ^ — nO^ 


wi0=2k7r± 


l^-ne), ki 


is zero or any integer 


or, { 


(w+n)0=(2k+ J) 7T 
and (m--n)0=(2k — v 
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The equation may as well be solved through the medium of 
aine, in which case, the result would be different in form. 

Note : Corresponding to the different ways of obtaining the solution, 
the result may assume different forms. 


Ext 6. Solve sin a:+-\/3 cos x=\/2 

(C. U. 1938, 47. B. H. U. 1950-’52) 

Multiplying both sides by 4, we get 
3 = 0 ! 


• TT 77 * 1 

siug sin a:+cosjr cos x=—- 

6 6 


cos 




a;=2n7r+~ or 27i7r— ^ 


Note: In solving equations of this type i.e., a cos S+b sin ff=c, it is 
Objectionable to square the equation, for it introduces solutions not belong- 
ing to the given equation ' 

sin x-j--v/3 cos a:= V2 
Re-arranging and squaring, 

3 cos®a:=(v'2— sin *)* 

But the solutions of this equation also contain those 
— VS cos x=V2— sin x 
In such cases, put a=y cos <t, &=y sin < 
y=Vo®-t-6®, and 


sin <«.= 


b 


COSflC= 


a 

V a* +6*’ 
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/. The equation a cos ^4-5 sin fl=c becomes 


«c cos ^+\/a^+6^ sin sin B=c^ 
or, cos (^— <)=- 7 =£=.=cos iS, (say). 
<=2w7r±j3 


Ex. 7. /SoZve co5 20= cos 6+ sin S 

From the eqn : cos^^ — sin^0=cos ^+sin0 

or, (cos ^+sin 0) (cos 0 — sin 0)=cos 0 + sin 0 
or, (cos ^+sin 0) (cos 04 -sin 0)=O 

either cos 0+sin 0=0 (I) 

or. cos 0— sin 0=1 (2) 


From (1) tan0=-l /. 0=n7r-- 


From (2),y2 


cos 0 cos^— sin 0 sin^= 


1 


4 V2 


cos 


(*+i)=; 


1 

V2 


e+^=2nn±^ 


0=2mr or 2n7r- 


Ex. 8. Solve tan pB =tanq0 

we have p6=mr-\-qB 
or, {p — q)6=nv 

. /i 


p-g 
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Examples 8 


Find the general solutions of 


1. 

2(cos*fi-sin*tf) = l 


2. 

2 cos®^+4 sin^^=3 


3. 

2 sin^^—5 cos ^—4=0 


4. 

2 sin®a;+sin®2a;=2 

(C. U. 1940) 

5. 

sin 5^— sin 3^=sin B 


6. 

cos cos 7^=sin A 6 


7. 

tan a; —cot rc=cosec x 


8^ 

tan ^+cot 26=1 


9. 

sin p0+sin ^^=0 


10. 

sin p6+cos qS-^O 


11. 

sin 4d--sin 3^+sin 2^ -sin ^=0 


12. 

cos ^+cos 3^+cos 5^+cos 76=0 

1 (C. U. 1959) 

13. 

tan^^+sec 6=1 


14. 

cot^^— l=cosec 6 


15. 

cot ic— tan x=2 

(C. U. 1934,37) 

16. 

cos 6—^/3 sin 6=1 


17. 

*v/3 sin cos 6='\/2 

(A. U. 1952) 

18. 

cos 6+^/3 sin 6 = y /2 

(C. U. 1944) 

19. 

sin a;+cos x = y/2 


20. 

sin cos 6 = y /2 

(A. U. 1949) 

21. 

3 cos 0+ V3 sin 6 = y /6 

(B. H. U. 1949) 

22. 

sin 6+2 cos ^=1 

(C. U. 1933) 

23. 

\^3 cos ir+sin ar=l 

(C. U. 1954) 

24. 

cos aj+sin a;=cos 2a;+sin 2a: 

(C. U. 1957, 1960) 

25. 

tan a;+tan 2a;+tan 3a;=0 



(A. U. 

1941, 50. B. H. U. 1953) 

26. 

tan a+tan 2a: + tan 3a: = tan x tan 

2x tan 3a; 



(C. U. 1956) 

27. 

tan "i"tan — ^|= 4 

(C. U. 1949) 


28. cos 2a;=cos x sin t 

29. cos*d— sin 

-30. cos 2* - sin 2!e=cos * - sin »— 1 


(B. H. U. 1949) 
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31 . 

32 . 

33 . 

34 . 

35 . 


sin 0=-v/2 sin cos B=y/2 cos ^ 

cosec ^=v'3 cosec 4>, cot B=3 cot <j) 

tan tf+tan 2tf+ ^3 tan B tan 28=y/3 (B.H.U. 195 i)' 

cos 3a;+cos 2X+COS ®=0. (C.U. 1941, 46. P,U. 1941) 

sm 5^cosjt^2 ( C. U. ) 
sin 2a; cos2a; 


36. cos a;— sin a;=cos «c+sin -c (B. H. U. 1938) 

37. 5 cos a;+2 sin a;=2 (given, tan 2r42'=*4) 

38. If tan aa;— tan bx=0, show that the values of x form a 
series in A. P. 

39. Explain why the same two series of angles are given by 
the equations 


B+^=nrr+(-l)»^ 


and 


40. If sin A=sin B, cos A=cos B, show that cither A=B, 
or they dififer by some multiple of four right angles. 

( C. U. 1935) 



Inverse circular functions 


9-1. The statement *sin $—-k' means that ‘S is an angle 
whose sine ratio is x’. Sometimes the above statement is given, 
for convenience, the symbol fl=sln“*x. Thus, sin 6=x and 
tf=sin“^a:are equivalent statements written only in two different 
forms } if one of them be given, the other immediately follows. 
Similarly, cos'^a: means an angle v/hose cosine is x, tan“*y 
signifies an angle whose tangent is y and so on. 

Expressions sin“*a;, cos“‘y, tan~^6 etc. are called inverse 
circular functions to distinguish them from the sine, cosine 
etc., which are called the circular functions. ‘sin“^a:’ is read 
‘sine inverse x'. 

Caution ! sin“‘a; is not (sin ,t)” 1 i.e. 1/sin x ; for, sin~*a; 
denotes an angle and— 1 here is not an algebraical index ; in 
(sin a;)“S however, sin a; is a number and— 1 is an algebraical 
index. 


9-2. Principal values 

Sin”** has been defined as an angle whose sine ratio is x and 
not the angle whose sine is * ; in fact, if < be any angle whose 
sine is x, then all angles given by nw+(— 1)»<, where n=0,±l, 
±2, so on, will have * for their sine. 

An inverse function has, thus, an infinite number of values 
. and of them, the smallest .numerical (positive or negative) value 
is called its principal value. Thus, the principal value of sin”* | 
is w/6. 

In numerical examples, it is the principal value which is 
I usually taken. 
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• If, for a given ratio, there are two numerically equal an^es 
— one positive and the other negative — the positive angle is 
taken as the principal value; eg. cos" ^ ^ has the principal 

value I and not— g. 

9-3. The forms sin sin^^x and sin"^ sin 

It follows directly from the definition that sin“^a; is an angle 
whose sine is known to be x. 

sin (sin“ix)=x 

Similarly, sin" ^ sin 0 is an angle whose sine is sin 0 ; hence, 
sin"^ sin 0=0 

Otherwise : Let sin d=x 

/. ^=sin"^a; 

/, sin sin“^a;=sin (6)=x 
and sin"^ sin ^=8^”“^ {x) = d 
Similarly, cos cos“ix=x, tan tan“ix=x 

cos"^ cos x=x, tan"i tan x=x etc. etc. 

9-4. Show that cosec“^x=sin'’'^” 

sec"‘^x=cos’‘i (1) 

cot“ix=tan"*^i 
x 

Let cosec" cosec 9=x 
sin d=- whence ^=sin"^^ 

X X 

/. cosec “ ^ X = sin“ ^ ^ 

The other relations similarly follow. 

9-5. Show that sin‘“*x+cos"^x= g 
tan"'x+cot"^x=^ 
sec'^x +cosec“ ^ x = | 


( 2 ) 
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Let sin d=x 


But. cos 


/. cos 


(I-*) - 

( 5 -*) =» 


*• 2 


— d=cos~^x 


So, 8in"ix+cos-ix=d+^^— =1 
The other relations similarly follow. 


9-6. Show that 

lan“ix+tan“^y=tan“’ 

1— xy 

taii~ix— tan~*y=tan“^— 

1— xy. 

Let, tan~^a:=A .'. tan A=a: 

and, tan~*y=B .". tanB=i/ 


Now, tan (A+B)= 


tan A+tan B 
1 — tan A tan B 


_ x+y 

\—xy 

A+B=tan-i 

\—xy 

or, tan“>x+tan“^y=tan“i 

1— xy 

The other relation similarly follows. 
Note : (i) If we put y=x, in the above relation. 


2 taii~^x=tan 


_i 2 X 
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(ii) It can be easily proved as above that 
cot~‘x j:COt~*y =cot~* 

y±x 


(iii) Remember : 


tan (tan"^a:±tan“’y) = :;^;^^ 

1T*2/ 


9-7. Show that 


tan-^x-t-tan-‘y-l-tan-»z=tan 


Let tan ^x=A 
tan-'t/— B 

tan“'2:=C 


/. tanA=x 
tanB=2^ 
/. tan C=z 


tan (A+B + C) = 


tan A+tan B+tan C— tan A tan B tan C 


1 —tan A tan B— tan B tan C - tan C tan A 


__ x-]ry-{-z^xyz 
1 — xy—yz — zx 

A-HB-HC=tan-i^^±£i:^" 

1 — xy — yz’-zx 

or, tan~^x-i-tan~^y-i-tan~^z=tan~^ x-|-y-fz— 

1— xy— yz— zx 

Otherwise : 

The left side=tan~^i— "t^C-ftan'^z 
i—xy 


x+y' 


-£±».z 

l-xy. 


6 


=the right side. 
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9-8. Show that 

sln-i x±8in-i y=8in-i {xVl— • 

C 08 ~^ x±C 08 ~^ y=coa-^ {xy^\/fl—x^)(i—y^)} 

Let sin"* x=A sin A==a: ; cos A=-v/i_a;* 

sin"* y=B sin B=y ; cos B=-v/f_y 2 ‘ 

Now, sin (A±B)=sin A cos B±cos A sin B 
^zx/fZip iy-v/l— ** 

A±B=sin-*{a:-v/r^a±yVl~^^} 

or, sin"* xj^sin"* y=8in"* {x-x/iTTy* J^y-v/TITxi’ 
Similarly, the cosine relations follow from cos (A±B). 
Note ; By putting x for y, it follows from above that 


2 sin"* X— sin"* (2xV'firx*) (7) 

2 cos"* x=cos~* (2x® — 1) 


9-9. Show that 


2 tan"* x=sin"* — =:cos"*i tan"* 


l-x® • 


l-l-X^ 1-fx* 

Let tan~* x=0, so that tan 0=x 
From sin 

l-ftan*® 

we have sin 20=—^^ 

H-x‘ 

or, 20=sin->^ 
or, 2 tan"* x=sin"‘— 

The other relations follow from the following identities^ 
1— tan®0 


cos 20— 


tan 29= 


l-l-tan*9 
2 tan 0 


1 -tan*9 
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9.10.' Illustrated examples 

^ 

Ex. 1. Show that sin~^x=co^~^\/ 

Vl— a;® 

^cot”*-— - =sec“^- --^ — = cosec" ^ 1 

V\—x^ 


Let 0 = sin“^a: /. sin fl=a; 

/. cos e = yj\-x\ tan 


X Vl — 


- — , cosec ^=i 
Vl— a;- ^ 


^?=cos" ' \/l ^- 


Vl-rr2 


=cot 


-iV 1— ar^ 


^=sec" 


1 


Vl-a:^ 


^.^rmcosec" 


1 

X 


Ex. 2. Show that 

(i) 3 sin"^ a;=sin"^ (3a;— 4a;*) 

(ii) 3 cos"^ a;=cos"^ (4a;* -3a;) 

(iii) 3tan-‘ a;=tan-‘ ( C. U. 1938 ) 

(i) Let 0=sin“i x .’. sin »=x 

Now, sin 30=3 sin 6>— 4 sin*0 
=3a;— 4a:* 

30=sin"^ (3a;— 4a:*) 

OF, 3sin“‘ a:=sin"^ (3a:— 4a:*; 

(ii) Let 0=cos"‘ x cos d=x 

Now, cos 30=4 cos* 0—3 cos 0 
=4a:*— 3a: 

/. 36=cos“'^ (4z*— 3a:) 

or, 3 COS“^ a:=cos"‘ (4a:*— 3a:) 
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(iii) Let e=tan-‘ a: /. tan 0=x 

Now, tan tan g-tan^g 
1 — 3 tan^d 

__3x—x^ 

1-3^2 

3^=tan-‘ 

l-3a:* 

or, 3 tan~i a;=tan"* 

l-3a;2' 

Ex. 3. Prove that tan~^ 5—tan~^ 3+tan~^ 1=1L 

n 4' 

Left side=tan~‘ ^ 4 .tan~i 7 

1 + 15 9 

=tan-i *+tan-i I 

^ 9 

1 4 _ 7 

=tan“i IXF_ 

1 -- 7 

^ T!r 

=tan-^ 1=- 

4 

Ex. 4. Prove that ( C. U. 1955) 

tan~^ a—tan~^ c=tan~^ -“■* +tan~^ 

l + a6 14.6 c 

Right side=(tan->a-tan->6) + (tan-i6-tan->c) 

=tan~‘ o— tan'^c 


Ex. 5 


Show that 2 tan- ^ \+tan-^ I—- (C.-U. 1937) 

7 4 (B.H.U. 1954) 


Left side=tan“i -_lL-|-tan“* 
1 4- 


=tan-‘ |+tan-‘ i 


=tan~^ ,4+71 

1-U 

=tan-* 1=" 

4 


1 

7 
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Ex. 6. Prove that tan- ^ (C. U. 1943) 

Lettan-Va;=® •*• tan0=V* 

I— taB-0_l— * 

Now, cos = 

1 l—X 
20=cos-^ 

• 0=Vcos-‘l^ Hence. 


Ex. 7. Iftan-^x + tan '^y + tan ^z—tt 

sholo that x-\-y + 'Z^=^y^* 


Let tan“‘cc = "C| tan <c-a; 

tan-iy = i 3 tan 

tati"^z = o') 

;^^j3+y==7r (from given condition; 

A oc+^-='^-y 

/. tan(cc+i3) = “-tany 

tan ■<.+ta n ^ -^_tan> 
l-tanttan^i 


l—xy 


■y Multiplying up and re-arranging, 


a:+2/+z=a'-2/z. 


Ex. 8. <Sfolve the equation 


-io ^TT 

iaTi ox ^ 

2x+3a:_37r 

We have, tan ^ 4 

. 2^+?*= tan^ = -l 

•• l-6x^ 4 

/, 6*2 -5*- 1=0 

or, (6*+l) (*- 1)=0 
x=l or — 7 
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9. Solve the equation 

(C. u. 1947; 

We have, 2 tan~‘a+2 tan-*6=2 tan-^x 

tan-^x=tan-^a+\an~^b 

0+6 
\ — ab 


or, tan“Ja;=tan“‘ 


or. x=-f+^- 

1 — ah 


Examples 9 


Prove that 

1 . sin-^ {§=cot-i I- 

2. tan~^ ^= 5 = cosec" ^ || 

o 15 

3. sec (tan-«,T) = vrPa:‘'' 

4. tan (scc"*a;)=-v/;r^— l' 

5., (i) tan->2+tan-i 

A 

(ii) tan-»^+tan ~*I=1 

6. tan"*Y?f +cot~‘ -Y4=tan~^^ 

7. tan">|+tan-i ^=tan-i|+tan-> -jV 

8. tan->H-tan-4+tan->TV=cor> 3 

9. (i) 2 tan->|+sin-> *=![ 

2 

(ii) sin-‘-L+cot-i 3=Z 
V5 4 


(B. H. U. 1949) 


(B. H. U. 1950^ 
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10 (i) tan-» l+taii“^2+tan-^ }3=w=2(tan ‘ 1+tan ‘i 

+tan-^i) 

nn tan-‘-!-+tan-^^ - -T=ta“"4 (C- U. 1949) 

(“) ““ 0+6 ra^ +«*>+! “ 

1 1. tan- ‘ p - tan - ' r =tan-i * 1 

12. cos-‘ o+cos-‘ 6=sin-*(«VT^6*-**Vi-a®) 


x^-y 


13 . tan-i aj+tan-‘ y=sin » 

14. tan-‘ ^+tan-^ ^+tan-‘ l+tan * Jt = 4 (C- U- 

15. cos-‘ *=sin-‘j‘"-+cos-"J--J-=2 sin'* j-2- 

‘ jl+a; 

—2 cos-^sj-^ 


■-b 

X 


. _i 1*"^— cos"^ ^=tan-‘J* — 

10 . sm n1o- 6 ^a- 

■ 17. tan (2 tan-^ x)=2 tan (tan'^ x+tan-^ x*) 

18. sec* (tan-* 2)+cosec* (cor* 3)=15 (C. U. 


19. sin-* 4+sin * ^ 2 

20. 4 (cor* 3+ cosec-* •\/5)='^ 


21- tan-* 


-1 ® ?_+tan 


(C. U. 1941) 

(C. U. 1939) 

-i®r.^-=0 
1+ob 


22. If tan"* a+tan * 6+tan * c-^ show that 

6c+co+a6=l 

«, K«os-. «+=»- 

24. If sin- * X sin- * y + sin- * z=^ show that 
jcVT^ -^y vrv V 1^ 2* =2xtp! 
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25. If cos~‘ a:+cos“^ prove that 

x*—2xy cos tf+y*=sin*d 

26. - If w=cot~^Vcos cc— tan“^-\/cos <, prove that 

sin M=tan *2 


27. Show that 

(i) tan (tan-> as+tan"* jz+tan"' 2 ) 
=cot (cor^ x+cor* y+cor* 2 ) 

(ii) tan-‘ (cot x)+cor‘ (tan x)=v-2x 

(iii) sin cosec" ‘ cot tan"* x=x 

(iv) cos tan"* sin cot"* x— l^dLi 

Nx*+2, 


(B. H. U. 1949) 
(A. U. 1950) 


28. Solve the following equations : 

(i) tan"* (x+l)-tan"» (x-l)=tan"» 2 

(ii) cor* x+cot"‘ 2a;=— 

4 

(iii) sin"* x+sin"* (1— x)=cos"* x 

(iv) cos"* X — sin"* x=cos"* X’x/S 

(v) cot"* ?--2+cot"* 

*-l x+1 4 

(vi) tan-*£z:i+tan"* 

x—2 x+2 i 

(vii) tan- * -^+cot"* 

> 1— 2x 3 


(*iii) cos- ^“I-COS- r*4-2‘="- * 

(ix) cor* ?llli+tan-*4^+^”’=0 

a: — 1 3 

(x) tan"* 2x+tan"* 3x=45'’ (A. U. 1949) 

(xi) tan"* 3x=tan-* x+tan"* (x+l)+tan"* (x— 1). 

(xii) tan"* ?^+tan— 5:^=tan-*(-7) (B. H. U 1957) 

•C X cs 


X 
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29. If sin [2 cos”‘ {cot (2 tan~^ a:)}]=0, find x 

30. If sin (it cos 6) =cos (n- sin 5), show that 

26=± sin"^| 

31. If tan" ' X, tan“^ tan“^ 2 are in arthmetic progression, 
find the algebraic relation between x, y, z. If x, y, z are also 
in^A. P. show that x=y=z 

32. Find the values of 

(i) sin ^ sin" COS" (C. U. 1935) 


(ii) tan gsin"‘^^+i cos'^ 

(iii) cosec (tan"^ 2+sec"^ 3) 

(iv) tan (tan" ^ a:+cot"‘ *) 

33, Given A+B +C=7r, show that 


1 ^\ 

l+y^l 


if A=tan-i 2, B=tan"i 3, then C=j (C. U. 1951) 

34. Show that 

tan*^ (I tan 2A)+tan"* (cot A)+tan"‘ (cot*A)=0 

(C. U. 1957) 




Trigonometrical identities 

10 - 1 . Many important identitfes involving the trigono- 
metrical ratios of three or more angles can be established if 
there exists a relation among the angles. The most important 
of these trigonometrical identities are those in which the three 
angles are the angles of a triangle i.e. if A, B, C be the angles, 
A4-B-|-C=180'’. In proving these, we must keep clearly in 
view the properties of complementary and supplementary 
angles. Thus, 

if A-l-B-f-C = 180°, 
we have, sin (B-1-C)=sin A 

tan (C-|-A)=— tan B 

sin C= sin (A+B) 

cos (A+B) =— cos C 

cos B = — cos ( C 4- A) and so on. 


Similarly, if ^ 4-?4-^=90®, we have, 

cos ^^?=sin ^ 

cos ?=sin 

sin ^^=cos ? 

sin ^=cos 

2 2 

tan ®-^~^=cot ^ and so on. 
2 2 


We establish below some such identities. 
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10-2 Illustrated examples 

Ex. 1. If prove that 

sin 2A+sin 2B-^sin 2C=4 sin A sin B sin C 
(C. U. 1953, A. U. 1950) 

Left side=2 sin (A+B) cos (A — B) + 2 sin C cos C 

= 2sin C. cos (A— B) + 2sinC cos C (VA-hB + C=7T) 
= 2 sin C {cos (A — B)+cos C] 

=2sinC {cos (A—B)— cos (A + B)} (V A + B + C=7r) 
= 2 sin C. 2 sin A. sin B 
=4 sin A sin B sin C. 


Ex. 2. If A + B + C = tt^ prove that 

cos 2A + COS 2B-rCOs 2C= — 4 cos A cos B cos (J—1 
Left side=2 cos (A + B) cos (A'-'B) + 2 cos^C—l 

= --2cosCcos(A-B) + 2cos^C~l ('.* A + B + C=7r) 
= — 2 cos C {cos (A — B)--cos C}— 1 
= — 2 cos C (cos (A— B) + cos (A + B)} - 1 

(V A + B + C = 7t) 

= —2 cos C. 2 cos A. cos B — l 
= —4 cos A cos B cos C— 1 


Ex. 3. If A+B+C^TTy Prove that ^ C. U. ) 

• A f ’ I • i B G 

sin A -{-sin 3+ sin V=4 cos cos ^ cos ^ 

Left side =2 sin — cos ^ ?+2 sin 9 cos ? 

2 2 ^ z 

=2 cos g cos —'7-® + 2 sin ? cos ? 

2 2 2 2 

(■•• M+f-l) 

=2 cos gj cos sin 

=2 cos gj cosi^^+cos 

( - ABC A 

V- 2 ^ 2^ 2 2 } 

=2 cos 2 cos^ cos 2 
=4 cos g cos ? cos 2 
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Ex. 4. If A+B+C=it, prom that 


A B • C 

cot A+cos B+cos C=l-h4 sin sin g*** g 

( C. U. 1952) 

Left side=2 cos cos ^^+1-2 sin® ^ 

=2sin J cos ^--®-2sin®? + l(v ^ +| +f =|) 
=2 sin 2 |cos^^~ — sin?| + l 
=2 sin^ I cos'^^?— cos^^-?|+I 



A , B . C_it\ 
2 "^2 "^2 2/ 


= 2 sin^. 2 sin ^ sin ?4-l 

A A m 

1 , A • A . B . C 
= 1+4 sin- sin ^ sin « 

Ex. 5. If a^B-\-C —TT^ prove, that 

tan A+tan B+tan C=tan A tan B tan C 
(C U. 1951, B. H. U. 1952, 55) 


A"f~B=7r — C 
*/ tan (A + B)=— tan C 

tan A + tan B . ^ 

or, ^ = — tanC 

1 —tan A tan B 

Multiplying up and re-arranging 

tan A+tan B+tan C=tan A tan B tan C 

Note : Otherwise, apply the formula of tan (A+B+C) 
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Ex. 6. if A+B+0=n, prove that 

tan 2 tan g+ton ^ tan 'g+fore'^ tan 

(C. U. 1936, 39. B. H. U. 1954. 56> 

• 2*^2 2 2 


tan 


A+B 

2 




or, 


A R 

tan 2 +tan “ 

1-tan 5 tan 5 



Multiplying up and re-arranging. 

tan ? tan ^+tan*r> tan ^ + tan't> tan ?=1 
Note : Otherwise, apply the formula tan 


Ex. 7. If A+B+C=it. prove that 

.A . B , . C t , . . tt-A . tt-B .„ 77— G 
a,n ^+5tra 2 +siw g=l + 4 -- sm s%n ^ 

, , . . B+C . C+A . A+C 
= 1 + 4 stn — +- fi*Ti — . — e^n — 

4 4 4 

(P. U. 1939, Sup. 41) 


Rightside=l+2 sin’^^^{2 sin ^ ^ sin — - — | 

, , o • »r-Af B-C 27r-(B + C)\ 
= 1+2 sm -4— {cos -^-cos ^ 

1 I o — A f B — C 7r+A\ 

= 1 +2 sin {cos — - - cos -4-J 

(V 27r-B+C='»r+7^-B+C=w+A) 
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= 1+2 sin ^ oos ®-^-2 sin cos 

4 4 4 4 

i‘ I ^ • B+C B — C ( • ^ 

=]+2sin — cos — -(siD^-sin 

= l+(sin|+sin ^)-l+sin^ 

ABC 
=sin 2 +sin ^+sin ^ 

Ex. 8. If A+B+G=7 t^ prove that 

A . B . 0 A TT — A TT — B TT — C 

cos rt4-C05 r> +C05 rt = 4 C05 — - — cos — cos 

z z 4 ' 4 4 

. B+C C+A A+B 

4 4 4 

(B. H. U. 1951. P. U. 1944) 

Right side =2 cos cos ^”^~^^~^^ +cos | 

4 1 4 4 J 

- '^+A , « TT— A B— C 

—2 cos ^ -- cos — ^+2 cos -- cos — - 

4 4 4 4 

/ jr , * A\ , o B+C B-C 

= ^COS^+COS 2^+2 cos cos 

A , B , C 

= COS ^ + COS g + COS 2 

Ex. 9. If A-\-B+G=‘’t, prove that (P. U. 1945) 

sin“A+ain*’B+«in*(7=2+2 coa A cos B cos G 

Left side (1— cos2A)+|^ (1— cos 2 B)+l-cos*C 
=2—4 (cos 2A+COS 2B)— cos®C 
=2— cos (A+B) cos (A-B)— cos*C 
=2+cos C cos (A— B)— cos*C 
=2+cos.C (cos (A— B)— cos C} 

=2+cos C {cos (A— B)+cos (A+B)} 

=2+cos C. 2. cos A cos B 
=2+2 cos A cos B cos C 
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Ex. 10. If A + B+C^tt^ prove that 

co8^A+co8^B+cos^C=1 — 2 cos a cos B cos G 

(C. U. 1932, 37, 47, 59) 

Left side--|- (1 +cos 2A) + ? (I +cos 2B)+cos2C 
= 1+Y (cos 2A + COS 2B;+cos®C 
= l + cos (A+B) cos (A— B)4-cos2C 
= 1 -cos C cos (A-B)+cos2C 
= 1— cos C {cos (A— B)— cos C} 

= 1 - cos C {cos (A— B)+cos (A+B)} 
cos C. 2 cos A cos B. 

= 1—2 cos A cos B cos C. 


Ex. 11. If A + B+0 =tt, prove that 

sin^ ^ + 5in2 ^+sin^=l — 2 sin"^ sin? sin ? 

[A. U. 1954, 55, P. U. 1952 (Supp.)] 

Left siclc=i (I— cos A)+i+(l— cos B)+siii*g 

1 Q 

= l-i (cos A+cos B)+sin2^ 


= 1 - cos ~ ? cos “ +sin* ? 

+sin" ^ 


= 1 - sin ^ cos ^ B I o ;«2 C 


2 

= l-sm cos sin 


2 ' 2 
A-B . C 


= 1— sin 


. Cf A-B A+B\ 
- cos — -cos— 2-) 


r . A . B 
= 1— sin 2 sing sm ^ 

A B C 
= 1—2 sin ^ sin ^ sin g 
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Ex. 12. If A+B+0=^7r^ prove that 

cot B cot C+cot G cot A + cot A cot B=1 

(C. U. 1955, B. H. U. 1957, A. U. 1953) 

*.* A-f"B=w — C 

.*• cot (A+B> = — cot C 


or. 


cot A c ot B— 1 
cot B+cot A 


cot C. 


Multiplying up and re-arranging, 

cot B cot C+cot C cot A+cot A cot B = 1 
Ex, 13. If A+B+C=tt^ prove that 


cos A 


cos B 


sin B sin C sin 0 sin A 


+ 


cos C 

sin A sin B 

(C. u. 


1949) 


Left A + sin B cos B + sin C cos C 

sin A sin B sin C 
=1 sin 2 A+sin 2 B+ sin 2 C 
sin A sin B sin C 


1 4 sin A sin B sin C 

2 ’ sin A sin B sin C 


[see Ex. l.J 


= 2 


Ex. 14. If = prove that 

sin^<-{-sin^^+sin^y = l — 2 sin < sin p sin y. (C.U. 1943) 
Same as Ex. 11, if A=2oc, B = C = 2y 

Ex. 15. If<+P =y, ajiow that 

cos^<<.-{-cos^P+cos^y—l-\-2 cos < cos j8 cos y 

(C. U. 1940, P. U. 1943) 
Left side=| (l+cos 2«.)+4 (1+cos 2 j8)+cos*y 
= 1 + 1 (cos 2 «c+cos 2 /S)+cos®y 
=l+cos (»c+jS) cos (<•— j8)+cos2y 
= l+cos y cos (<•— i9)+cos®y (V <+?=y) 

=1+CQS y {cos («c— /3)+cos y} 

=l+cos y {cos (<— /8)+cos («c+/8)} 

= 1+cos y. 2 cos "C cos ^ 

=1+2 cos K cos j8 cos y 
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i 

Ex. 16. Ifx+y+z=xyz^ prove that 

3x^x^ , 3y —y^ , Sz—z^ _3x—x^ 3y—y^ 3z—z^ 

Let a; = tan A, y=tan B, ;s=tan C ; 

tan A+tan B+tan C=tan A tan B tan C 
/. tan (A + B+C)=0 

A4-B+C=%7r, where n is an integer 
tan (3A + 3B + 3C)=0 

tan 3A + tan 3B+tan 3C=tan 3A tan 3B tan 3C 

r» A A -iA 3 tan A— tan^A 'ix—x^' * tt * 1 . 

But, tan 3A= , ^ oa etc. Hence the result. 

1— 3tan2A 1 — 3a;*^ 


Examples 10 

If A + B + C prove that 

1. sin 2A-~sin 2B + sin 2C=4 cos A sin B cos C 

2. sin 2A — sin 2B — sin 2C — — 4 sin A cos B cos C 

3. cos 2A+COS 2B — cos 2C = 1— 4 sin A sin B cos C 

ABC 

4. sin A-fsin B — sin C=4sin- sin - cos ^ 

5. sin A — sin B + sinC=4sin ^ cos ? sin ^ (A.U. 1951) 

AAA 

ABC 

6. cos A -cos BH-cos C=4 cos ^ sin g cos g— 1 

7 si5^±sinCz:^=tan ® tan ^ 
sin A H- sin B + sin C - 

^ 1+cos A — cos B + COS C B C 

1 + COS A + cos B — COS C 2 2 

9. (i) tan 2A + tan 2B + tan 2C = tan 2 A tan 2B tan 2C 
(ii) tan 3 A tan 2 A tan A = tan 3 A — tan 2 A— tan A 

(B. H. U. 1957) 


7 
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to. (cot B+cot C) (cot C+cot A) (cot A+cot B) 

=cosec A cosec B cosec C 

II B+cot C, cot C-hcot A .cot A+cot 
tan B+taa C tan C+tanA tan A+tan B 

12. cot "l+cot ?+cot ^=cot 2 cot | cot g (C.U,1957) 

13. cos®2A+cos®2B+cos®2C=l + 2 cos 2A cos 2B cos2C 

(C. U. 1960) 

14 tan A+tan B + ta n C _ tan g tan ? tan g 
(sin A + sin B+sin C)® 2 cos A cos B cos C 

15. (i) sin® sin* 2 +sin? g = l — 2 cos ^ sin ® cos g 

(ii) sin® A + sin®B — sin®C=2 sin A sin B cos C 

(B. H. U 1949, P. U 1940) 

,, sin 2A+sin 2B+sin 2C q • A . B . C 

16. _=8 sm Jj sin jr sin jr 

sin A + sm B+sin C ‘J 2 2 

17. sin (B + C— A)-|-sin (C+A— B)+sin (A+B— C) 

=4 sin A sin B sin C (A. U. 1953) 

18. sin (B+2C)+sin (C4-2A)+sin (A+2B) 

- . B— C . C— A . A — B 
=4 sin - sm _ - - sin — - — 

4 2 2 

[ B. H. U. 1950, P. U. 1940 (Sup.) ] 


tan B+tan C tan C+tan A tan A+tan B 


tan A 


tan B 


tan C 

=sec A sec B sec C 


..A 4“ B I • B “{“ C I 

20. sm ti^+stn +sin 


. A+B B+C C+A 
=4 cos ^ cos — cos ^ 

4 4 4 
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21 . 


cos- cos ---? +cos?cos ^-2 '^+cos?cos^:y? 


=sin A+sin B+sin C 

22. sin A cos B cos C+sin B cos C cos A , 

+sin C cos A cos B=sin A sin B sin C 

23. (tan A+tan B+tan C) (cot A+cot B cot C) 

= I+sec A sec B+sec C 

24. If A+B-VC-=n, and sin (a+ g) =n stn^, 

show that tan^.tan%===— ^ 

^ ^ n+1 

If A -H + (7 = 2 , prove that 


25. 

26. 

27. 

28. 


tan B tan C-i-tan C tan A+tan A tan 6 = 1 
‘sin 2 A + sin 2 B + sin 2 C 


sin 2 A + sin 2 B — sin 2 C 


=cot A cot B 


tan B + tan C , tan C+tan A , tan A + tan 
coi B + cot C cot C+cot A cot A + cot B 

(i) sin A + sin B + sin C = 1 +4 sin— 


. A + B 
2 

(ii) cot A+cot B+cot C=cot A cot B cot C 

(P. U. 1943! 

29. sin A sin (B— C)+sin B sin (C— A)+sin C 

sin (A — B)=0 

30. If oc=(3+y, show that sin (•t+^ + >')+sin {<+^ — y) 

+ sin (<<.— j3+y)=4 sin ■<. cos ^ cos y 

31. // A, B, C, D are the angles of a quadrilateral, 

7 ,7 7 / x tan A+tan B+tan C+tan D 

show that (i) — - - 7 :;— — 

cot A+cot B+cot C+cot D 

=tan A tan B tan C tan D. 

' A+B 

(ii) cos A+cos B+cos C+cos D=4 cos- 2 • 
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32. If cos {<+P) sin(y+8)=cos(«c— j8) sin(y— 8), show that' 

cot «c cot p cot y=cot 8 

33. If A+B+C =2 S show that 

(i) sin S(S— A) + sin(S— B) sin(S-C)=sin B sin C 

(ii) sin (S—A)+sin(S—B)+siD(S-C)-sin S 

. . A . B . C 
=4 siHg sin^sin g 

(iii) cos*S+cos'^(S— A)+cos-(S— B) + cos^(S— C) 

=2 + 2 cos A cos B cos C (A. U. 1956) 

34. //A+B+C=0, prove that 

sin 2 A + sin 2 B + sin 2 C = 2(sin A-f sin B + sin C) 

= (l+cos A-hcos B-l-cos C) 

35. //sin A-'rsin B + sin C=0, prove that 

sin 3A + sin 3 B + sin 3 C== — 12 sin A sin B sin C 

36. //cos A -[-cos B + cos C = 0, prove that 

eos 3 A+cos 3 B+cos 3 C = 12 cos A cos B cos C 
(In Ex. 35 and 36, apply the formulae of sin 3A and cos 3A in terms of A) 

37. //cos(A + B) sin (C+D)=cos (A — B) sin (C~D), 

shoiv that cot A cot B cot C = cot D 

38. Show that. idiV\ (/3 — y) + tan(y — «<.') + tan(oc — , 8 ) 

=tan (p—y) tan(y — »c) tan («<. — /?) 

39. Show that cos2(j5— y) + cos^(y — oc) + cos“(oc — 18 ) 

= 1+2 cos(/S — y) cos (y - oc)cos(‘< — p) 

40. If x+y+z—xyz, prove that 

2x ^ 2if y 2z _ %xyz 

“ (1 _ 2 y YTZ 3,“2y(f_72 ^ 

41. //A + B + C=7r, prove that 

A , B C A TT + A TT+B ^ TT — C 

cos o+cos^ — cos^=4 cos- - - cos — +- cos — i— 
z Z 2 4 4 4 

(P. U. 1942) 

42. If ec+i8 + y=7i7r, show that 

cos-«c+cos^i8+cos^y— 2 cos < cos j8 cos y = 1 

43. If A + B+C=n7r {n being zero or an integer), 
show that tan A + tan B+tan C=tan A tan B tan C 



Relations between the sides and 
angles of a triangle 


In this chapter we shall denote the angles of a triangle 
by the letters A, B, C and the corresponding opposite side by 
a, b, c. 

11-1. In any triangle, the sides are proportional to the 
sines of the opposite angles, that is, 

a b c_ 

sin A~sin B~sin C 

Let ABC be any triangle and O be the centre and R be the 
radius of the circle circumscribing it. 

Draw the diameter BD and 
join DC ; so the /.BCD is a rt. 
angle. 

.'. From A BCD, sin BDC 
^BC^ a 
BD 2R 

But, the angle BDC = the angle 
A, as they rest on the same segment 
BC. 



sin A= ^ . Similarly, it can be shown that 
2R 

sinB=^ and sin C=^ 


3 b c 2 

sin A sin B sin G 


.( 1 ) 
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11-2. To express one side of a triangle in terms of the 
adjacent angles and the other two sides, that is, 

a=b cos G-fc cos B 
b=c cos A-f-a cos C 
c=a cos B-f b cos A 

Let ABC be a triangle. In fig (i) the triangle is acute-angled 


A A 




at C and in (ii) obtuse-angled at C. 

Draw AD perp. to BC (or produced). Then, from 
figure (i): BC = BD+CD. 

— AB cos ABD-l-AC cos ACD 
or, a=c cos B-f b cos C 
figure (ii) ; BC=BD— CD, 

=AB COS ABD — AC cos ACD 
=c cos B — b cos (tt—C) 
or, a=c cos B + b cos C 


Thus, in each case, 
Similarly, 


a=c cos B+t) cos C 
b=c cos A + a cos C 
c=a cos B+b cos A 


( 2 ) 


1 1-3. To show, in any triangle, 


A b*-fc®— a^ 
cos A= 1 

2bc 


cos B = 
cos C= 


c®-fa®— b® 
2ca 

a2-fb®-c® 


■( 3 ' 


2ab 
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Take the figures of Art 2. Using a theorem of plane 
geometry, we have, 

From fig (i) : AB® = AC® +BC? -2. BC. CD. 
or, c®=b®+a®— 2a. b cos C 

From fig (ii) : AB® = AC® +BC® +2 BC. CD 

=b®+a®+ 2 a. b cos (tt— C) 
or, c® =b®+a® — 2 ab cos C 


Thus, in each case, 

— lab co^ C 
-f b^— 


cos C=. 


2 ab 


r2 _La2_h2 

Similarly, cos B = — — 

ica 

b24.c2_a2 


and 


cos A=: 


2 bc 


11-4. The three sets of formulae deduced in the last three 
articles are not independent. Using the relation A+B + C= 7 r 
we may derive from any one set the other two. 


We have, 

sin A 


sin B 


c 

sin C 


since, sin A=sin (B+C) 

=sin B cos C+cos B sin C 

/. cos cos B 

Sin A sin A 

cos C + — cos B 
a a 

( 2=6 cos C+c cos B ; Similarly, 
h=c cos A+a cos C and 
c=a cos B + 6 cos A 

Multiplying the above three equations respectively by a, h 
and c and adding. 
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o®+6®+c® =2a6 cos C 


cos C= 


a*+6*-c* 


Similarly, 


cosB= 5!+£L;£ and 


COS A= 


2ca 

lab 


11-5. In any triangle prove that 

. B-C b- A 

2 b+c 2 

tan = cot — 

2 c+a 2 

A-B a-b 
tan -= cot - 

2 a+b 2 

In«any ‘triangle, - =®j" ® By componendo and dividendo 

c sin 

6— c_sin B — sin C 
b+c sin B + sin C 

T B+C . B-C 
2 cos sm - ^ 

_ 2 2 

, . B+C B-C 
2 sin — _ — cos — 

2 2 

, B-C , B+C 

=tan — — cot 

2 2 


* ■ B-C* 
=tan — tan 
2 


2 [•■• 


. * B-C b-c 1 

.7nl 

or, ,an?^=^-^ctA 
Similarly, tan ^ cot ? 

2 C”ra 2 

a-b„,**c 

tan — - — = cot — 

’ 2 a+b 2 


and 
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11-6. Trigonometrical ratios of balf angles in terms 
of the sides 

A 

We have 2 sin*— =1— cos A 

_6*+c*— a* 

“ 26c 

_26c- 6* -c*+a* 

26c 

_o* — (6— c)* 

26c 

_(a+6-c)(a— 6 + c) 

IJbe 

Let now, :.'«=a+6+c, the perimeter of the triangle. 

.*. a+h—c=2s-2c=2(s—c) 

and a—h-\-c=2ii—2b — 2{s—b) 

0 „-„2A_4(s-c)(s-6)_2(s-6)(s-c) 

*• '*"2 The 67 

sin~=: l>)(s — c) ■ since^ is always acute, only 

2 ^ be 2 

the positive value of the sq. root is taken. 

A 

Again, 2 cos^^ =l+cos A 

26c 

_26c-f6^_+c^ —a* 

26c 

_(6+c)‘^-a2 

26c 

— (6 -[-c+a)(64-c— g ) 

26c 

__25. 2(s— g) 

26c 

_Jl8{s—a) 
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; only the positive value of the sq, 

2 ~ be 

A 

root is taken, since ^ is always acute. 

Abo. 

2 cos A/2 

^ | (8-nb)(s~--c ) 

N s(s—a) 

B C 

Similarly, the ratios of^, ^ can be derived. 

Thus, we have, 


i c) 


sin 2 


sin ® l (s-c)(s-a) 

2 nI ca 

sin K= (s-a){s- h) \ 

2 Nl ab ~ 




S(,S — rtj 

2 “N ^bc 

cos?= EER 

ca 


' 2 ““nJ 


^ A 
tan — 

j(s— 6)(«— c) 

2 \i 

1 s(s—a) 

B0?_ 1 

(5— c)(s-a) 

2 nJ 

«(« — b) 

tan I 

(s—a)(s—b) 

2n] 

sis—c) 


(5a, 56, 5c) 


11-7 To express sine of an angle in terms of the sides 

A A 
sin A =2 sin ^ cos ^ 

= 2 c) I sTg—g) 
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Similarly, 


sin 6)(5 --c) 


sin B \/5(5— a-H-s — 6){5— o') 


ca 


sin C=— Vs(5— a)(s— 6)(5— r) ; 


Otherwise 


sin^ A = l— cos^ A 
= (l+cos A)(l— cos A) 


=( 


. . 6^ +c*— 

-t- 


)(’- 




Ihc 


_( 6 +c) 2 -rt 2 a'^-ib-cY- 

2bc ■ 2ir ” 


.( 6 ) 


• 1? +c— g) (gj+ b—c){a—l — c) 
: -26c ' 

2s. 2(s— g). 2(.s— c) . 2(s— 6) 

4b^ 


4s {s—n){s—h)(/>~c) 
6V> 


sin A=|^\/s('S— g)(«— 6)(«— c) ; only the positive 

value of the sq. root is taken, since sine of any angle of a 
triangle is always positive. 


11-8. To find the area of a triangle 


A 



Fig. 33 

Let A denote the area of the triangle ABC. Draw AD 
perp. to BC. 
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Now, A=i- base X altitude 
BC. AD 
BC. AB sin B 


Similarly 

and 


A =|- ca sin B 
A =|- be sin A 
A = i ab sin C 


•(7) 


THus, area of a triangle (product of two sides) x sine of 

the included angle. 

Again, A =? be sin A 

, . A A 

= hc. SlHjrCOSjr 
J A 


-he. 


l(s—d)ls—e) is(s—a) 


be 


nI ~bc 


= Vs(s-a)(s-b)(s-c) 


.( 8 ) 


If we put s=^(a+6+c), 


A = 1-^ (rt-rh + c)(b+e-a){e + a—b){a+b—e) 


or, A = |V2b'“c- f2c*a'‘4-2a®b2 -a* -b<-c*. 
Again, A 6c sin A 


=i be 


2R 


(.-. ^=2r) 

\ sin A / 


or. IA = 


abc| 

4k| 


.( 10 ) 


•(9) 


Note: If we use A=Vs{s—a)(s — b){s—c), the formulae 
of Art 7. become 

.2A 


sin A = 
sin B = 


be 

2A 

ca 


.(11) 


sin C=^ 
ab 





THE SIDES and ANGLES OP A TRIANGLE 


109 


Those of (Sc) become 


tan 

2 A 

tan B- (s-c )(8-a) 

2 A 

tan C (s-a)(s-b ) 

2 A 

Similarly, it can be derived that 


^ A s{s — a) 

CO, j = _ 

cot 

co,f-*''-“> 


.(11a) 


.(11 b) 


11-9. Circumradius of a triangle 
In Art 1, we deduced, 

= / - = 2R 
Sin A sin B sin C 

where R is the cricum-radius of the triangle. 

2 sin A 2 6c sin A 4 A 

11-10. To find the in-radius of a triangle 


A 



Fig. 34 

Let I be the centre of the circle inscribed in the A ABC 


illO TBIOOKOMSTBT 

D, Et F are the points of contact of the in-circle with the sides 
BC, CA, AB ; so ID, IE, IF are perps. to the sides and each of 
them is r, the in-radius. 

Now, A=ABIC+ACIA+AAIB. 
ar+j ftr+l cr 
=j (a+b+c) r 
=sr i 


r=A/s 


( 12 ) 


The in-radius may as well be expressed in terms of one 
side and the ratios of half-angles. 

Since I is the in-centre, we have, from geometry, 

aibd=|, zicd?. 

.’. BD— r cot CD=r cot 

a=BC=BD-hCD 
=r(cot |+cot§) 

B . C , . B C 
cos ^ sm j-t-sm g cos ^ 

. B . C 
sin jj sm jr 

J la 




sm — ^ 
z 

. B . 

C 

sm 2 sm 

2 

. B ■ 

c 

sm 2 sin 

Ji 


B-hC 


cos 




Again since, a=2R sin A=4R. sin cos 


r=4R sin^ sin I sin 


(13) 
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Also, AE=AF, BD=BF and CD=CE 
/. BD+CD+AF=l(a+6+c)=:s 

AF=s-(BD+CD)=.s a 

But. 

\ 

or, r=(s— a)tan^ 

2k 

D 

Similarly, r=(s — bjtan- (14) 


r = (s— c)tan - 

2k 

Note : Distances of the in-ccntre from vertics are 
lA=r coscc A, IB=r cosec \ B and IC=r coscc \ C 

11-11. To find the ex-radii of a triangle 

Let Ij* be the centre of the escribed circle touching the side 
BC and the two sides AB and AC produced of the AABC 



Fig. 35 

respectively at Di, F^, and Ej. The lines D^, Ej, F^. 
are, therefore, perps. to the sides. 

Let ri be the radius of the ex-circle. 

A = area ABC 
=area ABIjC— area BI^C 
=(area BI^A+area CIjA)— area BI^C 
= k cri+l- ^ ari 

=1 (c+6— a) 

= (s—a) 
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Similarly, if fj.rj be the radii of the escribed circles 
opposite to the angles B and C respectively, we have 


and 



.(16) 


Since, again, Ij is the point of intersection of the lines 
bisecting the angles B and C externally, 

z IxBD,=90“-? 


Z IiCD,=90°-'^ 

£i.==BDj 

=IiDi cot IjBDi +I 1 D 1 cot IiCDj 

B C 

tan tan ^ 


=r. 


. B+C 
sin — ^ 

2 

B C 
cos ^ cos 2 


=ri 


cos^ 

B C 

cos g cos 2 

B C 

cos ^ cos ^ 




Similarly, 


r^=a 

A 

cos ^ 

0=2 R sin A=2 R sin ^ cos ^ 

ABC 
r, =4 R sin ^ cos ^ cos - 

^ A A 

Fg =4 R cos ^ sin ? cos ? 
r, =4 R cos ^ cos | sin g 


.(17) 
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Also, AEi=AC+CE,=6+CDi ( V CEi=CDi - 
and AFj = AB + BFj =c-hBIDj ( V BFi=BD| ) 

But, AEi=AFi ; 

/. By addition, 2AEi=6+c^-BDi + CDj 
=:6 + C + BC 
=h-\-c-\-a=2s 
/. AEi=.9 

Now, from A ATj E,, IiE4=AE^ tan I^AEj 


Similarly, 


Fj =s tan \ A 
Tg =s tan ^ B 
Fj =s tan \ C 


(18) 


Note : Distances of Ex-centres from the vertices are 

IjA~rx cosec \ A = 4 R cos | B cos | C 
IjB = ri sec i B : IjG — /-j sec J C Similarly, 
l 2 B=r 2 cosec \ B, l 3 G=r 8 cosec | G 

11-12. Illustrated examples 


Ex. 1. Show that in any triangle^ 


sin A-\-sin B-{-sin (7 = 


R 


(C. P. 1937) 


We have, 


sin A sin B sin C 1 


2R 


/. sin A=a/2R ; sin B=6/2R - sin C = c/2R. 
/. sin A + sir 
where a+h+c=ls 


sin A+sin B+sin C = -~ (a+6+c) = ^ 

R 


Ex. 2. In any triangle, prove that 

a^ + b“-\-c^ =2 (be cos A + ca cos B-rah cos C) 

\\7 1. A -a* 

We have, cos A = — 

26c 

26c cos A=6®+c“— 

Similarly, 2ca cos B=c®+a^— 6^ y 

and, 2ah cos C=a®+61*— c® J 

/, Adding, 2(6c cos A+ca cos B + a6 cos C)=^a^ +6^ +c® 

8 
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Ex. 3. In any triangle, prove that 
(6+c-a) tan ^=(c+a— 6) tan 2 =(a+&— c) fan ? 
(6+c— a) fan^ =(5+c+o— 2o) tan ^ 

=2(«— a) tan ^ 


=2{e-a). | (^-6)(»-c) 

N « (tf-o) 



=-V a (s— a)(«— 6X«— c) 
s 


=^ = 2r 
8 

Similarly, we can show that 

B C 

(c+a— 6) tan ; {a+h—c) tan ^ =2r 

Otherwise : 

(6+c— a) tan ^ =2 («— a) tan ^ 

=2r ^ •.* r=(s— a) Ian 

A 

Similarly, (c+a— 6) tanjj=2retc. Hence. 

A 

Ex. 4. // a co8^ cos ^ 

2 J 2 Cl 

the triangle are in A, P. (P. U. 1941) 

C A 

Since, 2a cos* 2 2 “ 

/. a (1+cos C)+c (1+cos A) =36 
or, a+c+(a cos C+c cos A) = 36 
or, a+c+6=36 
a+c=t26 

So, the sides a, 6, e are in A. P. 
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Ex. 5. Show that in any triangle, 

h^—c^ .... , a- —b^ 


~ sin 24 +"--^ sin 2B+~- /- sin 20=0 


( A. U. 1949. ’56 ) 


b^-c^ ^ ...... c® -a^ 


Left side= — . 2 sin A cos A+ - — - — 2 sin B cos B 


6 ! 


a*— 6® 


2 sin C cos C 


_Jf6*— c* 6*+c®— «* I c*— a® +g^ —b* 

R\ a * 26c 6 ’ 2ca 

a*-6* 0*4-6* -c*l 
c ■ 2o6 / 

=2-^^{(6* -e*)(6* -f c* -o*)-t-(c* -o*)(c* -f-o* -6») 

-(-(o® —6*) (o* 4-6® — c*) J 

= 1 — XO 

2 a6c R 

=0 

Ex. 6. tSAow that 

he — __ca — rjfi 

Ti ro 

We have rgr, = 

s-b s—c 

_ A* 

(s-6)(a— c; 

=s(s— a) [V A* ==5(3— a)(s-6)(«— c)] 

.*. bc—r«ri=\ [46c— 2« (2«— 2o)] 

=i [46c— (o-l-6-f-c) (6+c-o)] 

=} [46c+o*-(6+c)*j 

=Ua*-(6-c)*] 

= T (0+6— c)(o-6+c) 

=(«-6) («-c) 
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bc—r^Tg _ (a — b){a—c) _ {s—a)(3—b)ia—c ) 
r, r, A 


(• ) 

\ a— a/ 


Similarly, it can be shown that the other ratios are also 
equal to r. 


Ex. 7. If COS JS=-— ~ the triangle is isosceles. 

2 sin C 


(A. U. 1953) 


From the given condition, ' ~ 

2c(i 2c/2R 

6- 

or, =e/ 

a 

or, c^+a^—b^=a^ 
or, c^— 6^=0 


Thus the triangle is isosceles. 

ABC 

Ex. 8. If in any triangle^ cot ^ , cot ^ , cot ^ are in A. P» 
show that a, b, c are also in A. P. 

We have, cot cot 5=eot cot ^ 

.a Z ^ 

s(s — o)_s(s — i»)_s(s — 6)_s(s— c) 

A A A ■ ~A~ 

or, b—a=c—b 

a, b, c are in A. P. 

Ex. 9. Show tliai in any triangle, — + ^4- ^--=0 

*’l *"2 *‘8 

(B. H. U. 1949, 50, 55. A. U. 1954 >, 
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1 , 1,1 _s— a , s-6 . s— c 

r 1 T — — "T— T — 

Ts A A A 

_ 3s— (a+ 6+c) 

A 

^3s-2s 

~'A 


s 


A 


1 

r 


l+!+l_l_0 


Ex, 10. In any triangle^ show that 

4 (cos A+cos B+cos C)=7f if 3R=^4r 

From an well-known identity we have 

A B . C 

cos A + cos B+cos C = l+4 sin ^ sin ^ 2 ’ 

where A+B+C=Tr. 

A B . C 
Again r=4R sin^ sin^ sin- 


r .ABC 
••• g=4 sing sm^ sing 

cos A + cos B+cos C = l+^ 

4 (cos A+cos B+cos C)=4 

=4 (l+l) [V 3R=4f] 
=7 
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Examples 11 

In any triangle ABC prove that 

1. (6-c) cos^=o sin®-“^ (P. U. 1942)' 

^ 2 

2. (6+c) sing =a sin(^ + B ) (P. U. 1940) 

3. a (sin B — sin C)+l» (sin C-sin A) 

+c (sin A -sin B)=0 

4. a (6 cos C— c cos B)=6®— c® 

5. (6 + c) cos A+(c+a) cos B+(a+b) cos C=2s 

6. a sin (B— C)+6 sin (C— A)+c sin (A— B)=0 

[B. H. U. 1956. P. U. (Supp.) 1941] 

7. a cos A+6 cos B+c cos C=— ^ 

2Rf 

=4 R sin A sin B sin C 

8. (6— c) cot ^+(c—a) cot ®+(a— 6) cot^ =0 

[P. U. (Supp.) 1944)' 

9. a® (sin*B— sin®C)+6* (sin*C — sin*A) 

+c* (sin®A— sin®B)=0 

10. a cos B cos C+b cos C cos A+c cos A cos B=^ 

R. 

11. cot A + (c*-a2) cot B + (o*-6®) cot C=0 

(P. U. 1945) 

12. (s— a) tan ^=(s — 6) tan ?=(s-c) tan ^ 

jj o^sin (B — O ^ft^sin ( C — A) ^ c^sin (A— B) _q 
sin B+sin C sin C+sin A sin A+sin B 

(P. U. 1943) 

14. o*cos (B— C)+6*cos (C— A)+c®cos (A— B) 

=3aJc (B. H. U. 1957. P. U. 1939) 

15. (6+c+o)^ cot ?+cot^^ =2a cot ^ 

[P. U. (Supp) 1940], 

16. (o”{-64‘c)^tan g'l'tan^^ =2c cot g (A. U. 1954)> 



TBB 8IDB8 ABO ABOLBS OB A TBIABOLB 


119 


17. he cos*^+ca cos*2+o6 cos»? =s* 

A A 

18. 6*sin 2CH-c*sm 2B=4A 

19. 2R*sm A sin B sin C= A 

20. cot A+cot B+cot C=— 

4A 

21 a®— 6® sin A sin B_ ^ 

* 2 ' sin (A-B) 

COS B cos Cj^cos C cos A .cos A cos B_ 1 
' be ^ ah 4R2 

23. a®cot A+6®cot B+c®cot C=4A 

24. 2 cot^+cot^ =cot^, if 26=o+c (P. U. 1942) 

25. If 0=120°, show that 2c cos = (®+^) 

26. If A=60°, show that 2a cos— “-=6+c 

27. If 0=60°, show that 2a-b=2c cos B (B. H. U. 1949) 

28. If A=90’’, show that b-]-c= ■y/ 2a cos— ~ 

29. If the cosines of two angles of a triangle are propor- 
tional to the opposite sides, show that the triangle is isosceles. 

30. If the cosine of two angles of a triangle are inversely 
proportional to the opposite sides, show that the triangle is 
either isosceles or right angled. 

1 1 3 

31. In any triangle, if 

a+c b+c a+b+c 
show that C = 60®. 

32. If{a^+b^)sm {A-B) = (a^ —b^) sin (A + B), shew that 
the triangle is either isosceles or right angled. 

B4-C 

33. If b tan B+c tan 0=(6+c) tan - ^ , show that 
the triangle is isosceles. 
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34 . If COS A+2 COS C : cos A+2 cos B=sin B : sin C, 
6how that the triangle is either isosceles or right angled. 

35. If cot A, cot B, cot C arc in A.P., show that a*, 6®, c* 

are also in A. P. (P. U. 1944) 

36. If a, 6, c are in A. P. show that 

4 (1— cos A) (1— cos C)=cos A+cos C 

37. If sin A : sin C=sin (A — B) : sin* (B — C), shoV' 
that a^^b^, c* are in A. P. 

38. If cot A+cot B+cot C = \/5* that the triangle is 
equiangular. 

39. In a triangle if a*, 6®, are in A. P., show that tan A, 

tan B, tan C are in H. P. (A. U. 1952) 

ABC 

40. If tan-, tan-, tan- are in A. P. show that cos A, 

ia ia ^ 

cos B, cos C are also in A. P. (C. U. 1954) 

41 . Calculate the area of a triangle of sides 10, 12, 14. 

42. A triangle has sides 3, 5, 7. Find the greatest angle. 


Prove that in a triangle 


43. 

cos A+'cos B+cos C=l + ^ 

R. 

(A. U. 1951) 

44. 

^ ABCs 

4 cos^ cos 2 cos 2 


45. 

C C 

(r,+ra) tan ^ =(rg— r) cot ^ = 

=c (A. U. 1953) 

46. 

A = Vr ri r, r, =»'® cot ^ cot | cot ^ 



(A. U. 1951) 

47. 


(A. U. 1956) 

48. 

(i) *-c+c-a_,.a-6_Q (jj) 

firs 

49. 

a(rri +rar^)—b(rr, +r,rg)=c(rr8 

+rtra) 

50. 


(C. P. 1943) 

61. 

— »'==‘^R 

(A. U. 1955) 



THB SIDES AND ANGLES OE A TBIANOLB 


121 


52. (fi— r) (fj— r) (r,— r)=4R>-® 

53. (rg+fg) (rj+rJ (ri+r2)=4Rs* 

54. (»'i+>'2)(*‘8+*'s) (»'8+>'i) _^r 

»‘2»'»+»‘5»’i + rira 


(A. U. 1949) 


(B. H. U. 1951) 


“• (J-y il-h) (r <*■ "• 

58. (i) f,+rj=c cot J (ii) ’'’’A- =tan2 |A (A. U. 1957) 


59. .'.+1. + L=JL 

be ca ah 2Rr 

60. Li+r2+!:s=i_ 1 

bo ca ab r 2R 


(B.H.U. 1949 ’56) 


(A. U. 1957) 


61. a cot A + b cot B+c cot C=2 (R+0 

62. //R=ri, show that cos A=cos B+cos C 

63. If — r=r 2 +r 3 , show that the triangle is right angled. 

64. If the diameter of an ex-circle is equal to the 
perimeter of the triangle, show that the triangle in right angled. 

65. //( -*) =2, shenv that the triangle is right 

angled. (B. H, U. 1954) 

66. // 8R* =a*+6*.+c®, show that the triangle is right 

angled. (A. U. 1953) 

67. If R=2r. show that the triangle is equilateral. 

(C. P. 1940) 

68. If a, b, c are in A. P„ show that r^, r^, r* are in H. P. 

69. The perpendiculars from the angular points of a triangle 
on the opposite sides meet at O, and OA=ar, OB=y, OC=z. 

Show that 

X y z xyz 
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70. 7/^1, are the perpendiculars from the angular 
points on the opposite sides of a triangle, prove that 


(i) 8R». 


(ii, L+L+L=L+L+L 

Pi Ps Ps U H H 


PiPiPi 

71. If S be the area of the in-circle, and Sj, S 2 , S,« the 
areas of the escribed circles, then 


JL=_Lh._L+ 1 
vs VSi vs* vs, 


72. Prove that the square of the distance between the 


circum-centre and the in-centre of any triangle is R® — 2Rr. 7/ 
the circum-centre lies on the in-circle, prove that 

cos A-f-cos B-fcos C=V2 (A. U. 1949) 


73. In a triangle 0=13, 6=14, c=15 j find r and R. 

74. In any triangle, show that the area of the in-circle is tfr 
the area of the triangle as 

; cot ^ A cot I B cot ^ C 



Solution of triangles 

12-1. A triangle has six parts : three sides and three 
angles. These six elements of a triangle are not independent : 
given any three of them, provided one at least is a side, the 
rest can be found from the relations of the previous chapter, 
or in other words, the triangle can be solved. There are four 
different ways in which the parts may be given. 

Case I : Three sides given. 

Case II : Two angles and a side given. 

Case III : Two sides and the included angle given. 

Case IV : Two sides and an opposite angle given. 

12-2. Logarithms 

The treatment of logarithm properly belongs to the domain 
of Algebra and all works on the subject contains it. As it 
plays, however, an important part in simplifying calculations 
in the solution of triangles, we shall devote few lines to their 
chief properties for convenience of reference. 

If x=a% m is called the logarithm of x to the base a \ 
this is usually written as m=\og^x, or, simply, m= log x*, the 
base remaining understood. So, the logarithm of a number to a 
given base is the power to which the base must be raised to give 
rise to that number. In practical use the base is usually 10. 

12-3. Properties of logarithms 

Since the logarithm is an index, and since a'''=x and 
fn=T\og two identical statements, we can derive the 

properties of logarithms from the relations proved in the 
Theory of indices in Algebra. 
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The important properties of logarithms are the 
following : 

(i) log^mwp --=log am+log^w+logaP + --- 

(ii) logam/n=log^tn— log^n. 

0*ii) logam"*=r logflW. 

Expressed in words 

(i) The logarithm of a product is equal to the sum of the 
logarithms of its factors. 

(ii) The logarithm of a quotient is equal to the difference 
of the logarithms of the dividend and the divisor. 

(iii) The logarithm of any power of a number is equal to 
the product of the logarithm of the number into the index of 
the power. 

Cor. log,,a~l ; log^ 1=0. That is, logarithm of a 
number to the same base is unity and the logarithm of unity 
to any base is zero. 

12-4. Characteristic and mantissa 

In dealing with logarithms some of which are positive and 
others negative, it is customary to write them, in all cases, such 
that the decimal part is positive, the integral part being posi- 
tive or negative according as the logarithm itself is positive 
or negative. We give an example. Suppose the logarithm 
is -3-72388. This is equal to -4+ 1 --72388 = -4+ -27612. 
This is written 4-27612. 

The positive part is called the mantissa, and the integral 
part the characteristic of the logarithm. In the above example 
4 or —4 is the characteristic and -27612 the mantissa. 

The characteristic of the common logarithm of any number 
may be found by inspection by the following rules. 

(a) the characteristic of the logarithm of a number greater 
than unity is less by one than the number of digits in its integral 
pari and is positive ; e. g the characteristic of log 643'2 is 2. 

(b) the characteristic of the logarithm of a number le^s than 
unity is negative and one more than the number of ciphers 
(zeros) immediately after the decimal points ; e.g, the character • 
istic of log *3476 and log *0006 are respectively and— 5. 
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The mantissa part of the logarithm is given by the logari* 
thmic Tables. Two numbers having the same significant figures 
have the same mantissa ; they differ only in characteristics. 

12-5. Trigonometrical tables 

In solving the triangles, we shall very often take recourse to 
trigonometrical tables. There are two kinds of such tables. 
One is natural sines, cosines etc. tables in which the values of 
sines, cosines etc. of angles are given correct to certain places 
of decimals. The other is logarithmic sines, cosines etc. tables 
in which the logarithms of sines, cosines etc. are shown. 

Many trigonometrical ratios are less than unity ; their 
logarithms are, therefore, negative. To avoid having negative 
logarithms, they are all increased by 10 and are written L sinA, 
L cosA etc. They are called Tabular logarithmic sines, cosines 
etc. Thus 

L sin A= lO + log sin A 
L tan tf=.-10 + log tan 0 

At the end of the book such tables arc given. The natural 
sines and cosines tables give the values of sines and cosines of 
all angles between 0® and 90° at intervals of T. The sine of 
an angle is the cosine of the complementary angle. This 
property is utilised in the arrangement of the table such that 
the same table serves both as sine table and as cosine table. 
Sines are given from the left side of the top to the right and 
downwards and cosines from the right side of the bottom to 
the left and upwards. 

The main part of the table gives sines and cosines of angles 
at intervals of 10'. The table for differences gives the changes 
in the sines and cosines for changes in minutes in the angles. 
Since as the angle increases between 0° and 90°, the sine 
increases and cosine decreases the changes given in the difference 
table are to be added in case of sines and subtracted in case of 
cosines corresponding to an increment in the angle. 

Similarly, the table of natural tangents and cotangents gives 
tangents and cotangents of angles between 0° and 90° at 
intervals of T. The difference is to be added in the case of 
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"the tangent and subtracted in the case of cotangent, if the 
angle is increased. 

The tables of logarithmic sines and logarithmic cosines give 
the values of L sin 6 and L cos 6 for values of 6 between 0® to 
90* at intervals of T (with the help of the difference table). 
The logarithmic tangent and cotangent tables similarly give the 
values of L tan d and L cot 6 for all values of 6 lying between 
0®— 90* at intervals of l\ When the angle gets an increment 
the difference is to be added in case of sines and tangents and 
subtracted in case of cosines and cotangents. 

12-6. Principle of proportional parts 

Sometimes it is required to find the trigonometrical ratios or 
their logarithms oi an angle not exactly given in the table, c. g. 
34* 23' 20". Tables give 34* 23' and 34* 24' only. 

To meet such cases we use the Principle of proportional parts 
which may, without proof, be stated as follows : 

The change in the vahie of a function of a variable is^ in 
most cases, approximately proportional to the change in the 
variable, provided the change in the variable is very small. 

Sin 0, tan 6^ L sin 0 etc. are all functions of the variable 9. 

12-7. We shall now consider one by one the difiFerent cases 
that may arise in solving the triangle. 

Ga6e I. Having given the three sides a, b, c 
The angles are usually determined from the formulae of the type 

^ 'V s{s — a) 

From above, L tan ^=10+| log (fzi&KiZf). 

-5 5 (5 — O) 

A 

Thus ^ is known from Tables and hence A. Similarly B 

can be found. C is obtained from the relation C=180®— A— B. 

We could have solved the triangle from the formulae of 
the type. 
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A A 

taking L cos ?? or L sin ^ and using the tables. But in the 

ta ^ 

tangent formulae we require only four logarithms, 5, j — a, 6, 
s—c, to solve the triangle, whereas to solve from sine or cosine 
formulae we require siz logarithms, s, s—a, s—b, a, 6, c. 
Hence tangent formulae are the best. 

We may also use the cosine formulae of the type : 

cos A=?:l±f etc. 

2bc 

These formulae, though uniquely give the angle, are not suitable 
for logarthmic calculation. Also, when an angle is to be 
determined by using an approximate table, logarithmic tangent 
table gives the best result. This can be proved mathematically. 

Gass II Having given two angles and a side 
Let B, C, and a be given. 

A A=180'’-B-C 

The unknown sides are obtained from the formulae 


sin A sin B sin C 

. . sin B sin C 

A 6=0-: — - ; C=a— — 
sm A sin A 

or, taking logarithms, 

log 6=log o+L sin B— L sin A 

log c=log o+L sin C— L sin A 

Case III Given two sides and the included angle 

Let b, c and A be given. 

B and C may be determined from 

^ B-C 6-c^_A -1 

2 6 + c 2 L gQjj 

B+C=180‘’-A J 

Taking logarithms, we have 


L tan 


'=log (6— c)— log (6+c)+L cot^ 


Having found B and C, a is known from the relation 
o _ 6 _ c 
sin A sin B sin C 
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i.e. log a=log b+L sin A-L sin B 
or, =log c+L sin A — L sin C 

Case IV Having given two sides and opposite angle 
Let a, 6, A be given. 

From the relation sin B = ^ sin A, B is to be found. 

a 

Three different cases may arise 

(i) if a<b sin -4, then^ sin A>1, so that sin B>1, which 

(t 

is impossible ; there is no solution. 

(ii) if a=b sin A, then ^ sin A = l, so that sin B-U and 

u 

B has the only value 00°, 

(iii) if a>b sin A, then - sin A<1, and there are two 

- a 

values of B, one acute and the other obtuse, 

{<) if a <b^ then A<B ; so B may be acute or obtuse and 
both values of B are admissible. This is called the Ambiguous 

tase, 

iP) if CL =l>, then A=B and if «>&, then A>B ; in each 
case B cannot be obtuse j so the smaller value of B is onli/ 
admissible. 

When B is found, C is known from C = 180° — B- A. 

Finally, c is found from, c = — - — sin C 

sin A 

Note : The only case where an ambiguous solution arises is that where 
the smaller of the given sides is opposite to the given angle. 

12-8. Geometrical discussion of the ambiguous case 

Take a line AX unlimited towards X. Let ZXAC be A and 
AC=6. Draw CD perp. to AX; so CD=^ sin A. With 
centre C and radius a draw a circle. 
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(i) if a<6 sin A, the circle will not meet AX ; no triangle 
is possible with the given elements. 




(ii) if a = sin A, the circle touches AX at D ; a rt. 
angled triangle is the possible solution. 

(iii) if a>b sin A, the circle will cut AX in two points 

Bj, Bg. 

(oc) These two points will be on the same side of A when 
a<h, in which case there are two possible A " AB,C and AB.^C. 
This is the ambiguous case. 



(jS) The points Bi, Bg will be on the opposite sides of A 
when a>h. In this case there is only one solution. Since 
ZCABo is 180°- A, AABgC does not satisfy ihe given data. 

(y) if a =6, Bg coincides with A and there is only one 
solution. 


9 
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12-6. Three angles of a triangle given 

When the three angles of a triangle are only given, the 
triangle cannot be solved. There are infinite number of 
equiangular triangles all satisfying the given data. 

The relation only enable us to find 
sin A sin B sin C 

the ratios of the sides but not their actual lengths. 


12-7. Illustrated examples 

Ex. 1. The sides of a triangk are 5, 7, 9. Find the greatest 
angle-, given log 2 =-3010300, log 3=-47712l3, L cos 47°.53' = 
9-8264910 : diff. for 60" =1397. 


Let a=5, 6=7, c=9 ; so C is the greatest angle and 
ab 


cos 


C_ s (a— c) 

2~N'“ar‘' 


_ |21..3^ 1 / .. 5-l-7+9_21\ 

■‘-Jy''2’‘5'x7 V • ' 2 l) 

-J- 

N20 


.*. L cos ^=10 + H 2 log 3-log 2-1) 

= 10-t-i (•9542426--3010300-1) 
= 10+^x1-6532126 
= 10+1-8266063 
=9-8266063 


But L cos 47°53'= 9-8264910. 

DiflF; 1153 


1 1 

Proportional decrease= — ^ X 60"=49-5' 
• 1397 


^=47“52T0-5" 
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Ex. 2. The sides of a triangle are 323^ 481 and 642. Find 
all the angles. Use mathematical tables. 


Let a = 323, 6=481 and c=642 

,=.323+481+J42^723 


tan 


A 

2 



(s—b){8-c ) 
s {s—a) 



242X81 

723x400 


L taa 2 =10+i^ (log 242+log 81 -log 723-log 400) 

==10 + J-(2-38382+l-90849-2-85914-2-60206) 
=9-415555 

=9-41556 (upto 5 decimals) 

Now, L tan 14*36' =9-41579 ( from table ) 

and L tan 14*35' =9-41 527 

diff. for'60"= ‘ 52 

V L tan 5 =9-41556 


and L tan 14*35' =9-41527 

.•7 diflf. = 29 


/, Proportional increase =^^X 60" =33-5" 


y=14°35'33-5". 


A=29*ir7' 


Again, «n = 7 


81X400 

723x242 


L tan 2 = 10+1 (log 81 +log 400— log 723 -log 242) 

= 10+J(l-90849+2'60206-2-85914-2-38382) 

=9-63380 

But, L tan 23*18' =9-63377 
Diff= 3 
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Also, from table, diff. for 60" =35 
■ Proportional increase=^^x60"=5’2" 


B 


2=23‘’18'5-2". 


B=46'’36'10-4'' 


C = 180°-(A + B) 


or. 


C=104“42'72'6' 


Ex. 3. In a triangle ABC, B=-G0°, A=3S°20' andh—64 
feet. Find a 

We have C=180“-(60°+38“20')=81“40' 
a _ l> ■ 
sin A sin B 


Now. 


a=6. ®.'" "^-=64. sin 8r40' 

sm B \'\i 

log a=l log 2-1 log3-l-L sin 8r40'-10 
=7x-30103->X-47712-1-9-99539-10 
=2i0721 -•23856+9-99539-10 
= 1*86404 

From the antilogarithm tabic, a=73.12 feet 

Ex. 4. Given h = o, c=3 atid A = 120°, find B and C. 

(C. U. 1949) 

We have tan = cot ^ 

2 -L '‘2 


cot 60° 


b+c 

^5-3 
5+3 

=1 L 

4* V3 
^ 1 
V5H 

L tan L-5 = 10+log 1-^ log 48 
2 ^ 


=9-1593794 
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f^rom the table of logarithmic tangents. 

L tan 8°12' =9-1586706, and 
diff. for r=8940 

Here, L tan =9-1593794 

and L tan 8^ 12' =9' L586706 
diff= 7088 

/. Proportional increase = X 60 — 

• ®+^ = 8“ 12' 48" (») 

2 


But, 


B + C qp.0 A 

2 ” 

=90°— 60° 

=30° (‘0 
From (i) and (ii) by addition and subtraction, 

B = 38° 12' 48" 

C=21° 47' 12" 


Ex. 5. If b~63, c—36, C — 29° 23 15 , find B ; 

Given log 2'='3010300, log 7 —'8450980 

L sin 29°23' =9-6907721, diff. for 1’ =2243 
L sin 59° 10' = 9-9338000, diff. for 1' = 755 

Is the case ambig%ious ? 

sin B = - sin C=S sin C 
c 36 

Jl sin 29° 23' 15" 

4 

L sin B=log 7—2 log 2+L sin 29° 23' 15" 

= -8450980 — -6020600 + 9-6908282 

(-.- difif. for 60"=2243) 

=9-9338662 
But L sin 59° 10' =9-9338222 
diff.= 440 

proportional increase =^ggX 60" =35" 

A B = 59° 10' 35" 
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Also, since c<b, there is another value of B, supplementary 
to the above, i.e. B = 120‘’49'25". Hence the case is ambiguous- 

Ex, 6. The angles of a triangle are in the ratio 2:3:7; 
prove that the sides are in the ratio \/2 : 2 : -y/S+l. 

A : B : C=2 : 3 : 7 
Also, A+B+C=180'’ 

/. A =30°, B=45°, C=105° ' 
a : b : c=sin A : sin B : sin C 

=sin 30“ : sin 45“ ; sin 105“ 

_1 . 1_ . V3+ 1 
2 ■ V2; 2^/2' 

=^2:2: V3 + 1 


Examples 12 

1 . The sides’ of a triangle are 5, 8, 11 ; find the greatest 
angle ; given log 7='8450980, L sin 56°47'=9’9225205, L sin 
56“ 48' =9-9226032 

2 . The sides of a triangle are 4, 5, 6. Find B, having 
given, log 2=-3010300, L cos 27“53'=9-9464040 diff. for 1' 
=•0000669 

3. The sides of a triangle are 2, 3, 4. Find the greatest 
angle. Given log 2=-30103, log 3=-4771213, L tan 52“14' 
= 10-1108395, L tan 52“15'=10-1111004 

4 . The sides of a triangle are 9, 10, 11 ; find the angle 

opposite to the side 10, given log 2 =-30103 and L tan 29“30' 
=9-7526420, L tan 29*29' =9-7523472 (C. U. 1934) 

5 . The sides of a triangle are 15, 19, 24 ; find the greatest 

angle of the triangle. Given log 5-7=-75587. L cos 88“59'' 
=8-24903 ; diflF. for l'=718 (C. U. 1936) 
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6. The sides of a triangle are 7, 8, 9 ; solve the triangle 

using mathematical tables. (C. U. 1938) 

7. If 0=74, 6=26, c=60, find the value of the angle A, 
having given log 9 =‘9542425. log 13=ril39434, L sin 56“19' 
=9 9201896 and diff. for l'=842 


8. If 5=1000, A=45', C=68*17'40", find the least side, 
having given log 2=-3010300, log 7'6986= '88641 18, diff. 
for 1=57, L sin 66°42'=9'9630538, diff. for I' =544 

9. In a triangle ABC, B=60°, C=65‘’26' and 6=162 
Find o. Use tables. 

10. In a triangle ABC, A=38'’20', B =45“ and 6=64 
feet. Find c having given log 2 ='30 103, L sin 83“20' 
=9-99705 and log '089896=2-95374 

n. If B=45°, C=10° and a=200 ft, find 6, having 
given log 2= '30103, Lsin 55'’=9'9133645,log 1726'4=3'2371414 
log 1726'5=3'2371666 (C. U. 1947) 

12. If in a triangle ABC, o=19, A=52‘’28' and C=93'40', 
find 6, having given log 19=1'2787536, 

log 27037=4-4319585, log 27038 =4 4319746 
L sin 52“28' =9-8992727, L sin 33‘’52'=9'7460595 

13. IfA=44°, C=70% 6 = 1006'62, find a and c i given 

Lsin 44'’=9'8417713, log 100662=5 0028656 

L sin 66° =9-9607302, log 103543=5 0151212 
L sin 70°=9'9729858, log 7654321 =6 8839067 


14. In a triangle b=2'25, c=l'75, A=54°, findB and 

C, having given, log 2 ='301030, L tan 63°= 10-292834, L tan 
13047 ' =9-389724, L tan 13°48'= 9-390270 (C.U. 1931) 

15. Given 6=643, c= 365, and «.= 144°48', find B and 
C using tables 
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16. If the sides a and b are in the ratio 7 : 3 and the 
included angle 0=60®, find A and B ; given log 2 =’3010300, 
log 3= -4771213, L tan 34®42' =9-8403776, diff. for l'=2699 

17. If a=68l, c=243, B=50®42, solve the triangle by 

the use of tables. 

18. Two sides of a triangle are 14 and 11 and the included 

angle is 60°, Find the remaining angles haviiig given L tan 
11»44' =9-3174299, L tan ir45'= 9-3 180640 (A. U. 1955) 

19. Two sides of a triangle are 80 and 100 ft. and the 
included angle is 60°. Find the other angles. (C. U. 1946) 

20. Given ffl=70, 6=35, C=36°52T2", log 3 = -4771213, 

L cot 18°26'6"=10-4771213. Calculate A and B. 

(C. U. 1935, 37) 


21. In a triangle 6=324, c=562, and B=32“20', find A, 
C and a ; use tables. 

22. In a triangle a=73-4, 6=64*9, and B=48°13'25" J 
find A, having given 

log 734=2-8656961 
log 649 = 2-8122447 
L sio.48°13'25"=9-8725936 
L sin 57°30' =9 9260292 (difif. for l'=804) 

Is the case ambiguous ? 

23. If a=145, 6=178, B=41°40', find A ; given 
log 178 =2-2504200, L sin 41°10'=9-8183919, 
log 145=2-1613680,' L sin 32°45'35" =9-7293399 

24. Supposing the data for the solution of a triangle to be 
as in the three following cases, point out whether the solution 
is ambiguous or not. 

(i) A=30° a=125 feet, c=250 feet. 

(ii) A =30°, a =200 feet. c=250 feet. 

(iii) A=30°, a=200 feet, c=125 feet. 

Given log 2=-30103 

log 6-0389= -7809578, L sin 38°4r=9-7958800, 
log 6-0390 =-7809650, L sin 8°41' =9 1789001 
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25. In the ambiguous case, given a, b and A, prove that 

the difference between the two values of c is sin* A. 

(A. U. 1952) 

26. If a, b and A are given and if c, and Cj are the values 
of the third side in the ambiguous case, show that if c\>C 2 

(i) Cl -Cj =2a cos B (B. H. U. 1928) 

(ii) c, - +C 2 * -2ciC2 cos 2A=4a^cos*A 

(B. H. U. 1935, P. U. 1936) 

(iii) a cos =6 sin A (A. U. 1941) 

27. Show that in the case that admits of two solutions, the 
two values of C satisfy the equation 

. (B. H. U. 1 942) 

1+cos C 1-cosC sin A 







Graphs of trigonometrical 
functions 


13-1. Variations in the sine of an angle as the angle 
continuously increases 


Let the line OP, of length r, start from the position OA 
and revolving continuously about O counter-clockwise trace 
B out the circle of radius r. From 

any pt. P on the circumference 
drop PM perp. to OA or OA 
produced. If 0 be the angle 
described by OP, we have, 

. MP MP 

sin ^;:-= 

OP r 

As P revolves continuously 
in the anti-clockwise direction, 
MP increases while P moves 
from A to B ; decreases from 
B to A^ numerically increases from h’ to B\ but is negative, then 
decreases numerically^ remaining negative, from B' to A. Since 
r does not change in sign or magnitude, we have only to 
consider the changes in MP as P moves round the circle. The 
greatest values of MP are OB and OB\ and are equal to r. 
the least value is zero when P coincides with A and A'. 



Hence we have the following results 

In the first quadrant, sin 6 is positive and increases from 0 to 1 
In the secondy sin 6 is positive and decreases from 1 to 0 
In the thirdy sin 0 is negative and decreases from 0 to 1 
In thefonrthf sin 0 is negative and increases from— 1 to 0 
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When OP has described Itt by completing one revolution, it 
is again at OA and continues to retrace the path. So the 
changes in sin 0 when d lies between 2tt and arc the same 
as when 0 is between 0 and ; again its changes between 
and 3^7 are the same as between and tt, and so on. The same 
cyclical changes repeat indefinitely every time 0 increases by Itt. 

This fact is expressed by saying that sin 0 is a periodic 
function of its period being In. 

Note : We may similarly trace the variations of the other trigono- 
metrical ratios, and all of them arc periodic functions having the same 
period Iw, after each of which the same cycle of values is repeated. 

We give below two diagrams which exhibit the changes in 
cosine and tangent ratios. 


cos 90® =0 


tan 90° =0 


cos negative 
and increasing 
cos 180° = !-^ 
cos negative 
and decreasing 


cos positive 
and decreasing 

COS 0° = 1 

cos positive, 
and increasing 


tan negative 
and decreasing 
tan 180°-0 
tan positive 
and increasing 


tan positive 
and increasing 

tan 180°=0'’ 

! tan negative 
I and decreasing 


cos 270° =0 


tan 270° =oc 


13-2. Graphical representation 

The trigonometrical functions ( sin x, cos x etc. ), like 
the algebraical functions, may be represented graphically, the 
method of drawing the graph being the same as m Algebra. 

The angles are represented along the X— axis and the values 
of the trigonometrical functions corresponding to the angle 
along Y— axis. Both the representations are on a suitable 
scale. We thus get a series of points. Joining them free-hand, 
we get the graph. 

13-3. Sine-graph 


Let y=smx ^ from the natural sine-table the values of 
X differing by 10° are found. 


B 

m 









D 
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60“ 

70° 





etc. 

y ^-17 

•34 

•50 

•64 ! -77 

1-87 

•94 

•98 

1 

•98 

•94 

etc. 


Let 1 small division along OX represent 10® and 10 small 
divisions along OY represent unity. The points given by the 



Fig. 41 — Sine graph 

above tabulated values are plotted and joined free-hand. We 
then obtain the graph. 

Note ; The sine table gives the sines of angles from 0°— 90° only, for 
other angles, we have the formulae sin (— = — sin sin (180T^) = ± sin B, 

Peculiarities of sine graph 

(i) The graph is continuous and wavy in form. 

(ii) The greatest and least values of sin x are-Fl and — 1, 
the maximum and minimum values being attained for values of 
X which are odd multiples of 7r/2. 

(iii) Since sin (2n7r+a;)=sin rr, the portion of the curve 
between 0° — 360® is repeated endlessly after every multiple of 
360° towards both the positive and negative values of x. Sin x 
is thus called a periodic function of period 4 right angles. 

(iv) The curve between 0®— 180® is symmetrical about the 
ordinate at 90®. 

(v) The curve between 180®— 360® is similar to that 
between 0® — 180° but lies below, the X— axis. 

13-4. Cosine-graph 

Let 2/ = cos a; i from the natural cosine table the values of 
y corresponding to values erf* x difiFering by 10® are found. 
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Let 1 small division along OX represent 10° and 10 small' 
divisions along OY represent unity. The points given by the 
above tabulated values are plotted and joined free-hand. We 
then obtain the graph. 


X 

-90" 

1 1 

-80° 1-70° 1-60° 

1 ! 

1 

o 

0 

-40° -30° j-20° 

! 

o 

o 

o 

o 

T 

y=cos xj 

0 

1 

; , ] 

•17 1 -34 ! -50 i 

1 i ' 

•64 

■77 ! 87 ! -94 

1 

oo 


X 

.\ 

10° 

20° 

30° 

40° 

o 

O 

60° 

70° 80° 1 90° 

100“ 110“ etc. 

y 1 
1 

•98 

•94 

•87 

1 

•77 

•64 

■ -50 

• 34 ' -17 0 

i 1 

j-- 17! --34 etc. 



(i) The graph of cos x is the same as the sine graph 
moved to the left through a space corresponding to 90° ; this 
is because sin (90°-l-a;)=cos x. 

(ii) The graph is continuous and periodically repeated 
after every interval of 360°. 

(iii) The maximum and minimum values of cos .t is 4-1 
and —1, occuring at 0° and even multiples of 90°. 

13-5. Tangent-graph 

Let«/=tan x ; from the natural tangent table the values 
of y corresponding to values of x differing by 10“ arc 
found. 

Let 1 small division along OX represent 10° and 3 small 
divisions along OY represent unity. The points given by the 
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'^ove tabulated values are plotted and joined free-hand. 
We then obtain the graph. 


X j 0° 

10° 


50° I 60° 

1 


y=tan X 1 0 

*18 

•36 

•58 ' -84 !l-19 il-73 

2-75 5-67 oc 


X 


110" 

120"’ j 130“ 


150" 


.170" 

m 

etc. 

y=tan x 

-5*67 

-2*75 

-1-73; -119 

-•84 

1 --58 

1 ! 

-•36 

-•18 1 

i 

0 

etc. 



Fig. 43— Tangent graph 
Peculiarities of tangent graph 

(i) The curve is not continuous, but consists of separate 
branches ; the discontinuities occur at the values of x 
corresponding to odd multiples of 90°. 

(ii) The curve between 0°— 90’’ lies above the X— axis and 
that between 90°— 180° below the X— axis. 

(iii) As the angle approaches 90°, the tangent increases 
very rapidly remaining positive throughout and is -f oc at 
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90®. As the angle passes through 90®, the tangent becomes— oc. 
As the angle changes from 90®— 180°, the values of the tangent 
are those already traced but in the reverse order. 

(iv) The lines parallel to Y— axis corresponding to odd 
multiples of 7r/2 are continuously approached by the graph on 
either side but never exactly met- Such lines are called 
asymptotes to the curve. 

(v) The curve is repeated after every interval of 180°. 

13-6. Graphs of cot x, cosec x, sec x 

The graphs of cot a;, sec x and cosec x are left as exercises 
to the students. 

The cotangent graph is similar to the tangent-graph shifted 
through 90® towards the right or left. It is discontinuous at 0° 
and at multiples of tt. The graph is repeated after every 
interval of 180®. 



The cosecant graph consists of separate branches. It is 
discontinuous at a;=0 and x=7i7r. The lines given by a; =n7r 
are asymptotes to the curve. The curve between 0°— 180° lies 
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above the X— axis and that between 180®— 360“ above the 
X— axis. The same curve is repeated after every multiple 



Fig. 45 — Secant graph 


of 360®. The secant-graph is similar to the cosecant graph 
shifted to the left through a space corresponding to 90®. As 
illustratation, therefore, we have given only the secant graph. 


13-7. Graphs of other trigonometrical functions 

The graphs of other trigonometrical expressions may be 
drawn in a similar manner. Sometimes, instead of proceeding 
with the given expressions directly, it is advisable to reduce 
them, if possible, to simpler forms. The worked out examples 
will illustrate the method. 


13-8« Graphical solution of equations 

Trigonometrical equations, just like the algebraic equations, 
may be solved graphically. The method is illustrated by worked 
out examples. 
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13-9. Illustrated examples 


Ex. 1. Draw the, graph of y—dn a;-t-cos z between the range 
x=0 to x^lrr. (C. U. 1934, P. U. 1943) 

Let ^=sin a;-|-cos x ; from the natural sine table and cosine 
table, by addition, the values of y corresponding to the values 
of X differing by 15° are found. 
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The points given by the above tabulated values are plotted 
and joined free-hand. We then obtain the graph. 

Ex. 2. From the graph of Ex. 7, find the values of x for 
which y=0^ y=maximum and y=minimum> (C. U. 1938 ^ 

From the above graph 

y=0 when x—^and — 

4 4 

y maximum when x=j 

y minimum when . 

4 

Ex. 3. Solve graphically ^ 2 sin^x^cos 2x, giving solutions 

of X lying hetween-'^L&nA^" . (C. U. 1936, ’46, ’48) 

^ 2 

Draw the graph of y=^2 sin*a: = (l -cos 2x) and also, 
separately, y = cos 2x^ making use of natural cosine table between 



the range toa;=^at intervals of say. The units 

chosen should be the same in drawing the two separate graphs. 

We see that the graphs intersect and thus have the same 
abscissae and ordinates at the points for which 

TT TT StT 1 IT 

® “ 6 ’ 6 ’ 6 ’ ' 6 ’ 

which are the required solutions in the given range. 
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Examples 13 

Solve graphically the following equations 

1. COS 2x=sm X, between 0 to 

2. tan 2.r=tan a; between 0 to 

3. cos x—}y between g 

4. cos x=x between 0 to 

A 

5. cos.r = \/3 sin x between— g to g. 

6. sin :c=sin 2x between 0 to 2tt. 

7. cot 0 — tan ^ = 2, between 0 to tt. 

8. Draw the graphs of sin ^ and cos 0 between ^=0 and 
6~7t, Find the points where the graphs intersect. (C.U. 1946) 

9. Construct the graphs of tan x and cos x between 0 and 
7r/2 for .r, making a tabulation of the values of y dividing the 
interval into 9 equal parts. 

If tan a;=cos a;, find approximately the values of x from the 
above two graphs. (C. U. 1943) 

10. Obtain graphically a solution of the equation tan x=--l 

between x—0 and x=7rl2 (C. U. 1937) 

11. Solve graphically ,r— tan between 0 to g. 

(C. U. 1945, ’54) 

12. Solve graphically 5 sin 0 + 2 cos ^=5 between 0 to ^ • 

(C. U. 1947) 

13. Solve graphically cot 0— tan 0=2 between 0=0 and 

0=77. (C. U. 1949) 

14. Trace the changes in the sign and magnitude of 

cos A— sin A as A changes from 0 to 277. (A. U. 1951) 

15. Draw the graph of y=sin * from a;=0 to x=77 and 
from the graph find the angles whose sine is 0-7. 

(P. U. 1940, 45) 
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16. Solve graphically the equation tan a;=cot x, between 

*=0 and x=iTj2, (C. U. 1956) 

17. Draw the graphs of y=cos 2x and y=2x—l and 

hence solve the equation x=cos^x. (C. U. 1955) 

18. Draw the graph of 3 sin x+4 cos x. What is its 

maximum value ? (C. U. 1950) 

19. Sketch the graphs of »/=3-, y=sin .r and y=tan .r in 
the range between — 7r/2 and 7r/2 with reference to the same axes 
in X and y. From the nature of the graphs near the origin can 
you suggest any relation among them at the origin ? (C.U. 1952) 




Easy problems of heights and 

distances 

14-1. Trigonometry is an applied branch of mathematics 
and wc shall now show how the results of trigonometry may 
be applied to determine the heights and distances of objects 
when they cannot be directly measured. In doing this we are 
to measure certain important angles and surveying instruments 
like the sextant and the theodolite are used for this purpose. 

14-2. Angle of elevation. Angle of depression 

The angle of inclination of the line joining the observer’s 
eye to the object, to the horizontal is called the angle of elevation 
( or simply elevation ) of the object if the object is above the 
observer. The same angle is said to be the angle of dejmssion 
( or simply deinession ) if the object is below the observer. 

Let P be an object, O the eye of the observer and OH, the 



Fig. 46 Fig. 47 

horizontal through O. Then the angle POH, in the first figure, 
is the elevation ( or altitude ) and in the second the depression* 

14-3. Illustrated examples 

The method of calculation will be best understood from the 
following worked out examples. 
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Ex. 1, A flo/gsiaff stands on a horizontal plane. From a 
distance 40 ft. from its foot on the ground^ its angle of elevation 
is 60^ ; calculate the height of the flagstaff. 


A 



C B 

Fig. 48 


Let AB be the flagstaff *, C is the point of 
observation. 

BC=40ft. 

It is required to find the length of AB. 

Now, AB=BC tan 60° 

=40. VS 

=40x1-732 

=69*28ft. 

So the height is 69*28 ft. 


Ex. 2. The angle of elevation of the top of a tower is 30° •, 07 Z 
walking 100 yds. nearer the elevation is found to he 00°, Find 
the height of the tower. 

Let PQ be the tower of height h. 


P 



Fig. 49 

ZPRQ=30°, ZPSQ=60°. 

RS=100yds. 

Now, 30° and 60®. 

RQ=h cot 30° 

SQ=h cot 60® 

RQ— SQskA (cot 30° — cot 60°) 
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or. m-k (vs-±) 

_ A(3-1) 

V3 

/i = *^'^^=50V3=50x 1-732 
= 86*60 yds. 


Ex, 3. A pole is situated on the top of a tower 50 feet high. 
The elevation of the top of the lower to an observer is 30^, the eleva-- 
lion of the top of the pole is 45°. Find the length of the pole and 
the distance of the observer from the foot of the tower- 


Let X be the length of the 
pole BD, BC be the lower. 
A is the point of observation, 

ZDAC=45", 

Z.BAC = 30°. 
BC=50ft. 

Now, *±^®=tan 45° = ! 

«*, 3j“j~50=AC. 


and 


50 

AC 


=tan 30'’ = 1/V3 



X 

B 

50/t 

cl 


*+50=50^/3 
a:=50\/3 — 50 
=36 6 ft. (approx) 
and y=50v'5=86-6 ft. (approx) 


Ex. 4. The shadow of a tower standing on a level plane is 
found to be 40 feet longer when the sun's altitude is 45'^ than when 
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it is 60^. Find the height of the tower correct up to two decimal 
places {y/^=-VmO) (C. U. 1957) 


Let h be the height of the tower AB. AD is the ray of 



the sun of altitude 45"". BD is 
the length of the shadow of 
the tower. 

AC is the ray of the sun 
when its altitude is 60°. 

BC is now the length of 
the shadow of the tower. 
By the problem, DC =40 ft. 


Now, =tan45° = l 
BD 


BD=/^ 


and =tan 60° = 
BC 


BC=;i/V3 


BD-BC=/i- - 


or, 40 


“M'-Js) 


. 40 VB _40x 1-732 p 

" ' v'3-1 0-732 


=94-64 ft. 


Ex. 5. From the -foot of a tower the angle of elevation of the 
top of a column is 60^ and from the top of the tower, which is 50 ft. 
high, the angle of elevation is 30'^. Find the height of the column. 
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Let AB be the column and CD the tower. Draw CE parallel 
to BD. Let AB=a; ft. and BD=j/ ft. 

Now, ^®=tan 60°. 

BD 

or, a;=\/5y (1) C 

y 

Again, ^^tan 30° 

50 

or, 7/ = -v/5(x-50) ...(2) 

y V3 

.'. from (1) & (2), D B 

or, x — 76. Fig. 52 

So the height of the column is 75 ft. 

Ex. 6. Th& a)i<jl&s oj dcpretision and elevation of the top of a 
toicer 100 ft high frotn the top and bottom of another tower are 60° 
and 2-y lexpectivebj ; calculate the height of the second tower 
(Given cot ,?J° = ?'///). 

AB is the tower of 100 ft. height ; PQ is the second tower. 
PX is a horizontal line parallel 
to BQ. 

.'. /APX=60° X 

and ZAQB=25° 

Now, QB==ABcot25° 

PC=-CA tan 60° 

=QB tan 60° 

=AB cot 25° tan 60° 

.-. PQ=PC+CQ 
=PC+AB 

=AB (cot 25° tan 60°+ 1) 

= 100 (2-144x^3 + 1) 

=214-4.V3 + 100 
=214-4x1-732 + 100 
= 371-34+100 
=471-34 ft. 


P 



B Q 

Fig. 53 
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Ex. 7. Two tower stands on a horizontal plane and their die* 
tance apart is 120 ft. A person standing successively at the bases 
observes that the angular elevation of one is double that of the other, 
but when half way between them, their elevations appear to be cow- 
plementary. Show that the heights are 90 fit. and 40 ft* 
respectively. [ P. U. 1939 (Supp.) ] 

Here AB and CD are the two towers of height y and x 
ft. respectively. The elevation of the top of CD from the base 


A 



Fig. 54 


B of AB is cc • that of the top of AB from the base D of CD 
is 2<- 

From the point O, just half way between ihe towers, the 
elevations of C and A are respectively P and 90°— jS. 

Now, CD=BDtan«c, a:=120tanoc 

AB=BD tan .*. y = \lQ tan 


_ 120. 2 tan 2x 

1 - tan« < r^(a:/120)* 


(i)(V tan<<.=a;/120) 


Again, CD=OD tan J5 x=60tan/S 

and, AB=BOtan (90*-/?) y=60cotiS. 

y=60/tan j8=60/|j=3600/a;. ...(ii) 

(V tan /3=a:/60) 
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From (i) and (ii), 
or, 


3600 _ 2x 

' X l-x^ll4400 

14400 

X 14400— 


1_ 8a; 

a: 14400-a;® 


or, 9a:* = 14400 
a:=40 ft. 

2/ =90 ft. 

Ex. 8. The angular elevation, of a tower at a •place due south 
of it is oc, and at another place due west of the first and distant d 
from it the elevation is jS ; prove that the height of the tower is 
dIV cot*)3— cot*oC. 


Let AB be the tower of height x let C be the first point of 


observation due south of AB. 

AABC is a rbangled 
triangle. Suppose BC=y. D is 
the second point of observation 
due west of C and distant d 
from it. So, A ABD is also 
rt. angled. Join DC. Then 
A DCB is also rt. angled, 
DB being the hypotenuse. 
AADB=/3, AACB=->c. 

Now, from geometry, 

DB*=DC*+BC* 

( 1 ) 

In A ABC, cot <=ylx. 

In AADB, cot /3=DB/x 



( 2 ). 

(3) 


Squaring (2) and (3) and using (1), 


cot*/3— cot*<= ^ ^ — 



X* 


2 ^_ d! 

cot*j3— cot®«c 
_ d 
V cot*i8— cot*«c 
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Examples 14 

1. An observer at a distance of 40 ft. from the foot of a 
a palm tree observes the angle of elevation of the top of the 
tree to be 60'". Calculate its height. 

2. A circular tank has a pole standing vertically out of 
its centre, whose top is 150 feet above the water level. At a 
point in the circumference the angle subtended by the pole is 
60‘". What is the radius of the pond ? 

3. The shadow of a tower 200 feet long is 200\/3 ft. 
in length. What is the elevation of the sun ? 

4. A man observes the elevation of a tower to be 30° ; 
advancing towards the tower a distance of 300 ft-, he notices 
the new elevation to be 60° ^ find the height of the tower. 

5. A ladder 45 ft. long just reaches the top of a wall. 
II the ladder makes an angle 60° with the wall, find the height 
of the wall and the distance of the foot of the ladder from 
the wall. 

6. One chimney is 30 ft. higher than another. A man 

standing at a distance of 100 ft. from the lower observes their 
tops to be in a line inclined at an angle of ITT to the horizon. 
Find their heights, given tan 27°2'==-51. 

7. The elevation of a hill from a place due east of it is 

45’ and at a second place due south of the previous, the 

elevation is 30°. If the distance between the two places of 
observations be 400 yds., find the height of the hill. 

8. The elevation of a steeple at a place due south of it is 

45° and at another place due west of the former is 30°. 

If the distance between the two places be a, find the height 
of the steeple. [P. U. (supp). 1944] 

9. The shadow of a tower standing on a level plane is 
100 ft. longer w'hen the altitude is 30° than when it is 45°. 
Find the height of the tower. 

10. A man walking along a straight road observes at a 
milestone a house in a direction of 30° with the road. At the 
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next he sees it in a direction of 60®. Find the distance of the 
house from the road. 

13. A man at a certain point on the bank of the Ganges 
observes that the elevation of a tree on the opposite bank 
and directly opposite him is 60®, his eye being level with 
the ground. He then retires 100 ft. and sees that the elevation 
is 45®. Find the breadth of the Ganges there and the height of 
the tree. 

12. From the top of a cliff 150 ft. high, angles of depression 
of two boats which are due south of the observer are 15" and 
75®. Find their distance apart, having given cot 15'^=2+v/5, 
cot 75°=^2— 

13. The angles of depression of the top and foot of a 
tower seen from a monument 196 ft. high are 30® and 60® 
respectively. What is the height of the tower ? 

14. A pole stands upon the top of a mansion. At a 
distance of 60 ft. the angles of elevation of the tops of the pole 
and the mansion are found to be 60® and 30® respectively. 
Find the length of the pole, 

15. At the foot of a mountain the elevation of its summit 
is found to be 45® ; after ascending 2 miles towards the 
mountain up a slope of 30® inclination, the elevation is found 
to be 60®. Find the height of the mountain. 

16. The elevation of a tower due north of a station A is 6^ 
and at a station B due west of A is Show that the altitude 
of the tower is 

AB sin 0 sin (j) 

V sin*^^- sin'*^^ 

17. A valley is crossed by a horizontal bridge of length L 
The sides of the valley make angles < and ^ with the horizon ; 
prove that the height of the bridge above the bottom of the 
valley is 

I 


cot «C + COt P 
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18. The height of a lighted candle is 6 inches and the 
radius of its section } of an inch. The radius of the shadow 
cast by it is 5| inches. Find the height of the flame, and if 
the inclination to the horizon of the line joining the top of 
the flame to a point on the boundary of the shadow is <c, 
show that tan <=4/3. 



APPENDICES 

1. Elimitiation 


1-1. When an unknown quantity appears in each of two 
simultaneous equations, the values of the unknown quantity 
obtained by solving the first equation must satisfy the second. 
When these values are substituted we get a relation free from 
the unknown quantities. This relation is called the eliminant 
of the two equations and the process of obtaining it is called 
the elimination. In general, we can eliminate any number of 
unknowns, if the number of equations connecting them be one 
more than their number. 

No general rule can, however, be laid down for the elimina- 
tion of quantity or quantities from two or more trigonometrical 
equations. The form of the equation will generally suggest 
the method to be employed ; the usual algebraic artifices and 
the identical relations existing between the trigonometrical 
functions would help to a great extent. 

1-2. Illustrated examples 

Ex. 1. Eliminale 0 from x=a cos 6 and y=b sin 9 

The first equation gives cos 9—xla 
and the second gives sin 9=ylb 

But, since, cos-^ + sin^^^l, 

«> 9 

which is the required eliminant. 

Ex. 2. To eliminate 6 bettveen the equations 

cos 0 + sin 6— a 
cos 8— sin B=-b 

Squaring and adding the above equations, 

+b^ =(cos 0+sin 5)® +(cos sin Of 
=2{cos®^+sin®^) 

or, a* + 6® =2, which is the required eliminant. 



60 


TBIGONOMBTRY 


Ex. 3. Eliminate 6 from the equations 

a sec 6-\-b tan 0-\-c=0 
a sec d-\-h'tan 6 + c'—0 

By cross-multiplication, 

sec 0 ^ tan 0 1 

be' — b'c cct — c a ah* — ah 

/. sec 0 = {hc — b'c)l {ah' — a'h) 

tan 0 = (ca' — c a) j {ah' — «7j) 

But, sec^ ^ — tan “ ^ = 1 . 

/. (he —h'c)^— ica' — c'a ) ^ (ah' — a'b)- 

which is the required eliminant. 

Ex. 4. Eliminate 0 and hphrern the equations 


a sin -0 + h cos *^6 —c (i) 

h sin^c/) A- a ros~ (ii) 

a tan 0 — b tan ff> (iii) 


From (i), a sin^O-^h cos-0 =^c{s\n^0 -\-co^-0) 
or, (a-' r)sin‘-'^^^ (c — />)cos-^ 
or, tan-^ = (e — h)iia~c) 

From (ii), similarly, tzin^ <f> =^(d — a)l(b — d) 
From (iii), a^tan-0— b^Van-c/j 

or, a-{c — b)l{a — c) —b- {d — a),\h — d) 

or, after simplification. 

This, therefore, is the required eliminant. 

Ex. 5. Eliminantc 0 from, the equations 

X sin 0 + y cos 0 — 2a sin 20 
X cos 0 — y sill 0 = a cos 20 

Solving for x and y, we have, 

x=-a cos 0 (2 — cos 20) 
y = a sin 0 (2 -I- cos 20) 
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x=a cos 0 (cos^tf + 3 sin^fl) 
y=a sin d (3 cos^^+sin^^) 

. x+y==a (cos 0 4- sin 0)* 

• • x—y=a (cos 0— sin 0)* 

2 2 2 

/. {x+y)^-\-{x—y)^=2a^^ which is the required 

eliminant. 

Ex. 6. Elimiiiate 0 and <f) from the equations 
X cos 04 - 2 / sin S^ 2a 
X cos <f>+y sin <f>—2a 
2 sin 0/2 sin <^/2= 1 

From the given conditions, 0 and <f> are the roots of the 
equation, 

X cos <+y sin cc^la ; 

or, (a; cos <—2a)^ -//^ sin-< — — cos-<) ; 

(.r^ l-iy*"’) cos^< — cos — y'^ —0. 

This is a quadratic in cos < with roots cos 0 and cos r/). 
Again, l~4 sin'^^ 0/2 sin*-^ f/)/2 — (I —cos 0)(1— cos (^) ^ 
whence, cos 0+cos ^ — cos 0 cos (/> 

. 4a X ^4a'^ - 

=4a{a—x)^ which is the required eliminant- 


Examples A 1 

Eliminate 0 from the following pair of equations 

1 . x=a sec 0, y=b tan 0 

2. ^ cos 0-f-^^ sin 0 = 1, ? sin 0—*^^ cos 0 = 1 

ah a b 

3. cos 0-Fsin 0=a, cos 20=6 

4. a;=cot 04-tan 0, ?/=cosec 0— sin 0 

5. I cos 04 m sin 04 - 7 j=O 
p cos 0+q sin 04-r- 0 

11 
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6. COS ^+sin 0 sin 26 =a 
sin 6 + cos 0 sin 26=6 


7. 


ax 

cos 


— and I tan 6=m 

sin 6 


Eliminate 0 and <f} from the following equations 


8. a sin^ 6+6 cos* 6 = 1 
a cos* (fi+h sin* <^=1 
a tan 6=6 tan 0 


9. cos 6+^ sin 6=1 

n h 

* cos S-\-'! sin ^=1 
a 0 

0—^=c 

10. tan 6 + tan 
cot 6+ cot 

11. (f cos* 6+6 sin* 0=m cos-(f» 

(f sin* 6+6 cos* 6=?t sin*^ 

w tan* 6=71 tan*(^ 

12. If sin 0 -hcos cl>=l and sin 2(^ + cos 2<f>=m 

show that {n-m-l)~P {2-P) 

13. If cos 6 — sin 6=x and cos 36 + sin 36=?y 
show that x=3y—2y^ 

14. If (‘<.+^) ^a+6 ^ 2/5+6 cos 2oc=c 

tan (<—p) a~b 

show that a* +c* — 2ac cos 2^=b^ 


II Summation of finite series 

2-1. Any expression in which the successive terms arc 
found to obey some regular law is a series. If the series 
terminates at some term it is said to be finite, if not infinite. 
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2-2. Sum of sines of n angles in A. P. 

Let the series be denoted by 

sin ct+sin (<c+iS)-f-sin + +sin 

and let S be its sum, «<, the first angle, jS the common 
difference of the angles. 

Multiplying each term of the series by 2 sin (half, diff.) i.e., 
by 2 sin j3/2, we get, 

2 sin oc. sin ^=cos ^«c— cos 
2 sin (<+P) sin ^=cos^«c-l-0 — cos 
2 sin (»c-f-2;8) sin ^=cos^«c+^^^ — cos 

2 sin sin 2=cos('<-+^-^^^)-cos(«c+^’^-“-/3). 

By addition, 

2 S sin (’=cos 0— cos 

=2 sin (oc i-’*~V) sin ; 

sin”-^ 

S= sin (1) 

sin ^ \ ^ / 

2 

Cor. In a similar manner we may show that the sum of 
ihe cosine series 

cos oc-^cos (oc+/3)-{-cos (oc+2i3) + +cos 

. nfi 
sin ^ 

cos(<+“-V) (ID 

sin ^ ^ ' 

2 

Note: lfsin°^=0, the expressions (I) & (II) both vanish. In that 
case ^ —kir or, i3=^, where k is an integer. 
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Hence the sum of the sines and cosines of n angles in arithmetical 
progression are each equal to zero when the common difference of the 
angles is an even multiple of 7r/n* 

2-3. The above formulae may be expressed for convenience, 
as follows. 


Sum of sines of n angles in A. P. 


. ndiff. 
sin 

2 . first angle + last angle 

. diff. 2 

sin 


Sum of cosines of n angles in A. P. 

. n. diff. 
sin 

_ 2 first anjiileH- last angle 

. diff. 2 

sm 

2 


2-4. Illustrated examples 

Ex. 1. Find the sum of the scries 

sin <-rsi7i 3<+sin 5oC-r — 

Here the common difference of the angles is 2‘>c 

... Sum=^ sin 

Sin cc 2 


sin sm n< 
sin oc 


__sin-noc 
sin < 

Ex. 2. Find the sum of the series 

cos <—cos{<+P) + cos(<+2P)^cos{<+3P )+ ... 

[Some series may be brought by simple transformation ' 
under the abpve forms. Here is an example. ] 

The above series is equal to 

COS< + C0s(7r + «C + fl) + COS(27r -f- flC + + COS( Stt + «C + 3^) + . . . 
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Here, now, the common difference of the angles is 7r+j8 and 
the last angle is oc+(n— i) i^+n) 

n(p + TT) 


sm 


Sum=* 


sin 




COS s< + 


(n-l){P + 7 r)\ 


Ex. 3. Find the sum of the series 

cosec < + cosec 2 oc+ cosec 4 <+ cosec 


[ This example is an illustration of the method of diff- 
erence ; if the rth term of a series can be expressed as the 
difference of two quantities one of which is the same function 
of r as the other is of (r + 1), the series may be summed quite 
readily. ] 


Cosec oc= ^ - = 
sin < 


sin oc/2 ___sin (<<,— oc/2) 
sinot/2 sin»c sinoc/2 sin^c 


cot 


-cot«c 


/. cosec <--=cot</2— cot 
Similarly, cosec 2oc~cot oc— cot 2°c 
cosec 4»c=“COt 2oc— cot 4oc 


cosec 2^‘“^»c=cot 2^'‘-oc— cot 2'‘ 
By adding, S=cot ^ — cot 2'‘"^oc 
Ex. 4, Find the sum of the series 


Ian ^ ^ j o + --' 

i + i. 2. x'‘ 1 + 2. 3. 


Since. tan~^ 


l+n[n+l)x-' 
=tan"^(r+l)^'* — tan“^ra; 


\+r{r+\)x 
1st teriii=tan“^ 2.r — tan“^:i; 
2nd term^tan”^ tan“^ lx 
3rd term=tan~^ 4a;— tan“^ 3a; 


nth term=tan''^ (n+l)a;— tan"^ nx 
S=tan"^ (n+l)a^— tan“^a; 
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Ex. 5. Find the sum of the series 

sin'^0-\-sin^20-\-sin}2>0+ ,..+sin“nd 

[ The example is important in the sense that here we shall 
find the sum of the squares of the sines of a series of angles in 
A. P. by using identities. Similarly, the cubes of sines as well 
as the squares and cubes of cosines of a series of angles in 
A. P. may be summed. ] 

Since, 2 sin - 0 = ( 1 — cos 2d) 

2 sin- 2^ — (1— cos 4^) etc. 

2S=:=(l~cos2^) -}-(l— cos 4^)+... + (l — cos 2n0) 
=71— (cos 2^-Fcos 4^+...-|-cos QnB) 

Sin rtO f I I \ 

. .cos(w-l-l)^ 
sin 0 

where S is the sum of the series. 



1 


sin nd , i vn 

- cos (yi+Dd 

sin d 


Examples A 2 

Sum the following series to n terms 

1. sin ec+sin 2< + sin 3<-\- 

2* cos oc+cos 2oc+cos 3oc+ 

3. sin ec— sin 2oc+sin 3oc— 

4. cos oc— cos 2oc+cos 3oc— 

5. sin "C-sin (oc+j8) + sin {< + 2^)— 

6. cos^0+cos^2^+cos^30+ 

7. sin* oc+ sin * 3ot + sin * 5oC+ 

8. cos**c+cos*3oc+cos*5‘>c+ 

9. sin^ff- sin^2^+sin‘^3^— sin240+ 

10. cos'^— cos^2^+cos‘'^30— cos^4^+ 

11. cos^— sin 2^— cos 30 + sin 4^+cos 5^- sin 6^ — 

12. cos «c+2 cos {< + P)+3 cos (cc+2j8) + 

13. sin«c+2 sin («c+i3) + 3 sin («>c+2iS)+ 

14. sin «c sin 2«c+sin 2®c sin 3ccH-sin 3«c sin 4oc+.... 
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15. tan «c+2 tan 2<+4 tan 4«c+8 tan 8 flC+. 


16. 


sin 3x , sin 3^x 


+ 


cos 3x cos 3^a; cos 3^x 

17. tan -j-^ + tan 1 . 1 . 34 . 3 a +• 

18. Show that 

.. sin +sin 30+sin 50 to n term s 

cos 0+cos 3^+cos 5^-h to n terms 

(ii) sin-ec+sin^ ^oc+ 2 ^j hsin- to u terms — n 


III. Miscellaneous theorems 

3-1. To find the expansion of tan (A — B) j^eometrically 

Let the Z.XOY = A and Z.YOZ = B, where A and B arc 
both positive .’. Z. XOZ — A + B 

Take any point P on the line OZ and drop PM and PN 
perps. to OX and OY in order. Drop also perps. NR and NS 



to OX and PM respectively. Now, ZSPN= complement of 

^pns=z.sno=a. 


/A I UA PM NR+PS 
tan A+B) = -— . 

OM OR-SN 
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NR/OR + PS/OR 
1-SN/OR 

NR/OR + PS/OR 
" . SN. PS 
PS. OR 


Now, NR/OR =tan A, and SN/SP=tan A ; 
and, from similar triangles NOR and SPN, 


PS 

OR 


PN , „ 

=^-- =tan B. 
ON 


tan (A“|-B) = 


tan A+tan B 
1— tan A tan A 


Note : In a similar manner, with the help of the figure 26, Art 5-2, we can 
find the expansion of tan (A — B). This is left as an exercise to the students. 

3-2. To prove geometrically the formulae for the sine, 
cosine and tangent of (A-f-B) for angles of any magnitude 

Let the line OX revolving counter-clockwise reach the posi- 



tion OA and described the angle A. Thereafter, it revolves in 
the same direction and generates the angle B= /.AOP. 
Z.XOP=A-l-B 
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Take any point P on the line OP bounding the compound 
angle A+B and dorp perps. PM and PN to OX and OA 
( produced, if needed ) respectively. Also drop perp. NK to 
OX. Draw Na: || OX and in the same sense and let it meet MP 
(produced, if required) in H. Let the ^lANQ is a rt. angle 
described in the positive direction from NA. 

.'. /.xNQ (described positively from Na;) 

=a:NA+90“ 

=-A+90° 


So, 


J;j^=cos(A+90^)i 


HP 

N‘P 


=sin (A+90°) 


the positive directions of NH, HP are in conformity with our 
convention. 

OP op""®'" on""‘"" ® 

ON, NP are positive with respect to Z.B, when they lie 
along OA and NQ in order, negative when along AO and 
QN respectively. 


Hence, maintaining the directions by the order of the letters. 


sin 


MP_MH+HP_KN HP 
OP OP OP'^OP 


KN ON HN NP 
ON' OP"^NP’ OP 


=sin A cos B+sin (90°+ A) sin B 
=sin A cos B+cos A sin B 


cos (A+B) = 


OM_OK+KM_OK , NH 
OP OP OP'^OP 


OK ON NH OT 
ON ■ OP'^N P ■ OP 


=cos A cos B+cos (90“+A) sin B 
=cos A cos B— sin A sin B 
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tan (A+B) = 


^_MH+HP^KN+iy> 
OM OK+kM OK+NH 


KN HP 

om’^ok 

, NH HP 
"^HP ■ OK 


HP 

Now, j^p=sin (90‘’+A)=cos 


HP NP . n KN 
Ok=6N“'“®' OK 


A=^^, algebraically. 
=tan A, 


and 


NH 

HP 


=cot (90°+A) = 


— tan A. 


tan (A + B) = 


tan A h tan B 
1 ~ tan A tan B 


[ In the second fig. B is obtuse ; N lies on AO produced. 
So ON, here, is a negative length. Thus algebraically, still 
sin A=KN/ON, cos A-OK/ON, tan A-KN/OK. ] 


3-3. To prove the formulae for the sine, cosine and 
tangent of (A — B) for angles of any magnitude 

Let Z.XOA=A, described counter-clockwise. 

ZAOB = B, described clockwise. 

.-. Z.XOB-A-B. 

From a point P on the bounding 
line OB, drop perps. as shown. 
Draw N;r || OX and in the sense 
of OX and let Z.ANQ is a rt. angle 
described clockwise from NA. 

/. Z.a:NQ=A-90°. 

With usual convention regarding signs, 

sin(A-n)^MP_KN+HP_KN ON HP NP 
OP OP ON ‘ OP’^NP ’ OP 

=sin A cos B+sin (A— 90°). sin B 
=8in A cos B— cos A sin B 





Fig. 57 
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COS (A— B) 


OM_OK+KM 
OP ' OP 


( algebraically ) 


OK ON NH NP 
ON ■ OP "^NP ■ OP 


=cos A cos B+cos (A— 90°) sin B 
=cos A cos B+sin A sin B 


tan (A— B) 


KN HP 

MP KN+HP Ok’^OK 
OM 'OK-t-KM“. NHTHP 
HP'OK 


Also, 


HP. 

NP‘ 

HP 

OK 


OTC 

=sin (A-90“)--— cos A =—^j^, algebraically. 

= =-tan B ; (A-90°) = -tan A 

ON HP 


tan (A— B) 


tan A -tan B 
1 -f tan A tan B 


3-4. Geometrical proof of the 2 A formulae 


Let BCA be the diameter of 
the semicircle BPA with centie C. 
On the circumference, take any point 
P and join PB, PC, PA. Drop 
PM perp. to BA. 

Let ZPBA=A /1ACP=2A. 



Now, 


sin 2A = ""^ = 


MP 


MP^. 
CP CA ' 
MP BP 
BP ■ BA 


MP 

BA 


=2 sin A cos A. 

^CM_2 CM_CM-fCM 
CP BA BA 


(BM-BC)-F(CA-MA) 


_BM-MA 

BA 

_BM 

_MA 

BA 

BA 

BA 

_BM BP 

MA 

PA 

BP * Ba' 

PA 

‘ BA 

=cos®A -sin*A. 
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The COS 2A formula has two other forms which may be 
derived as follows. 

cos 2 A^CM^ BM-BC _^ BM_ 

CP BC BA 

^2 BM BP_, 

BP ■ BA 


Again, 


=2 cos® A - 1 
CM CA-MA 


cos 2A=^” = 
CP 


CA 


MA . 
CA 


MA_,_, MA PA 
■ BA PA ■ BA 

= 1—2 sin® A 


tan -2 PM_ 2 PM 

CM 2 CM BM-AM 


2PM/BM_ 2PM/BM 
PM 

BM PM ‘ BM 

2 tan A 
1-tan® A 


3-5. To prove the sum and difference formulae by 
geometry 

Let £EOF=A, Z.EOG=B. Let OL bisect Z. KOH and 



Fig. 59 

through L draw KLH perp. to OL. Draw KP. HQ, LR perps. 
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to OE and through L draw MLN parallel to OE meeting KP in 
M and QH in N. 

Now, AMKL^ANHL, 

KM=NH, ML=LN, PR=RQ. 

Also, AK0L= AL0H=| (A-B) 

ZL0R=B+J (A-B)=nA+B) 


sinA+8inB=-KP + HQ^KP-hHQ 

. OK OH OK 
_(KM-|-LR) + (LR-NH) 


=2 


OK 

LR 


OL 


OK OL ■ OK 

=2 sin ROL cos KOL 

- , A ! B A-B 
=2 sin ^ cos ^ 

2 2 


C08A + C0sB=^P + -^Q-=^^ + ^9 
^ OK^OH OK 

__(OR-PR)-[-(OR+R0) 


OR 


OK 

OR 


OL 

OK " OL * OK 
= 2 cos ROL cos KOL 

B 

2 2 


= 2 , -2 


^ A + B A 
= 2 cos cos 


OK=OH) 


Note: The derivation of the expressions for sin A— sin B and 
cos A— cos B is left as an exercise to the students. 


3-6. Two important trigonometrical relations 
A 



Let D be a point on the base BC of the A ABC such that 
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AD divides BC into two parts m and n and the angle A into 
two parts <, Let also the ADB=0. 

To prove 

(i) (m+n) cot 0=n cot j3— m cot <t 

{il) (m+n) cot ff =m cot C— n cot B 

TO_Bp_BD AD_sin BAD sin ACD 

ri DC AD ‘ DC~^~A^BD ' sIFDAC ^ ’ 

_ sin cj [V /_ABD=7T-(<+d), 

'sin (e+cc) ' sin /3 ZACD=fl-i8 ] 

_sin «c (sin 0 cos ^3— cos O sin jS) 
sin ^ (sm ff cos «c+cos 6 sin <) 

_c ot jS— cot d (Dividing num. and denom. by 
cot «c+cot 0 sin et sin ^ sin 0) 

(m+n) cot S=n cot /3-m cot <t 
Again, starting from (1), 

in _sin (^+B1 ^ [v ZBAD.-=77-(^+B), 

n sin B sin (0— C) ZDAC=<?— C ] 

_sin C (sin 0 cos B+cos 6 sin Bl 
sin B (sin 0 cos C— cos 0 sin C) 

_cot B-l-cot 0 { Dividing niiin. and denom. by 
cot C— cot 0 sin B sin C sin 0 ) 

(m+n) cot fl = m cot C — n cot B 


3-7. To prove sin $ <«<tan 0, where 0 is the circular 
measure of any positive acute angle. 



Let the angle AOP be 0 
radians. With O as centre and 
OA as radius draw a circle. 
Draw PT the tangent at P to 
meet OA produced at T. 

Let r be the radius of the 
circle. 


Now, the area of AAOP=4- AO. OP sin AOP=|^ i-^sin 
the area of sector AOP= J r^0. 
the area of AOPT=| OP. PT=|r. tanfl=|r*tan 0. 
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But, obviously, from the figure, 

AAPO<sector AOP < AOPT, 
|r®sin 6 <4r*6<|r®lan 6 
or, sin 9 <9 <tan 9 


Cor, If now 9 becomes indefinitely small, we can prove, 

Lt smfl_j Lt tanj_j 
fl-i-O 9 ’ ff->0 9 

For, since, sin 0 <6 <tan 9, we get by dividing by sin 9, 
sm d cos 0 

i.e., 0/sin 0 lies between 1 and sec 0. But when 0 is indefinitely 
diminished, the limit of sec 0 is 1 ; hence the limit of 


0 1 A ♦ Lt sin 0 1 

. .= 1. that IS, =1. 

Sin 0 0->O 0 

Again, by dividing sin0<0<tan 0 by tan 0, 

cos 0<- - < 1. Hence the limit of ^ is unity : 
tan 0 0 ’ 


Ll taw 0_2 
0->O ^0 “ 


3-8. To find the value of sinl8^ geometrically 


Let ABC be an isosceles triangle 
with base angles double the vertical 
angle at A. 

/. A-'r2A-’r2A = l80^ 

A A = 36^ 

Bisect the angle B\C by AD. So 
AD is the perpendicular bisector 
of the base BC. 


A 



Z.BAD = 18' 


B 


D 

Fig. 62 


C 
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where AB=a and BD=x. 

From the construction of Euclid IV. 10, 

AE=BC = 2BD = 2a.' 
and, AB. BE^AE^ 
a (a—2x)={2x)^ 

4x^-{-2ax — a^ = 0 

. ^_-2a±V20a=_-l±V5„ 

.. * 

Since x is always positive, we must take only the positive 
value. 

sin 

a 4 

IV. Harder problems on heights and distances 

4-1. As an illustration of the practical applicrUion of 
Trigonometry we discussed some problems on heights and dis- 
tances in an earlier chapter. Those problems were easier in 
nature and required a knowledge of trigonmetrical relations 
involving a right angled triangle only. Here, in this section, 
we shall discuss problems of more general and necessarily, there- 
fore, of more harder nature. For such problems, a knowledge 
of the general properties of triangles coupled with geometri- 
cal skill is essential. 

2-2. Height and distance of an inaccesible object on a 
horizontal plane 

Let AD be the object standinc vertically on the horizontal 
plane which contains B, the position of the observer, ft is 
required to find AD and BD. 

Case I. Measure a base line AC directly from B towards 

the object. The angle of 
elevation of A is ACD when 
observed from C. At B, the 
angle of elevation of A is 
ABC. 

Let /.ABC=oc, /.ACD 
=j8,BC=a.AD=A, BD=d. 


A 
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Now, o=BD— CD 

=h cot <— A cot P 

=zh r < _ cos P i 
Lsin < sin P\ 

_h sin (P—<) 
sin < sin P * 

h=a sin cc sin p cosec (jS— «c) (I) 

and d=BD=A, cot oc=a cos < sin p cosec (P-<) 


Case II. If, however, it is not possible to go directly from 
B towards the object, we measure off a length BC (=a) in any 
convenient direction. From B and C are observed the angles 
ABC and ACB respectively. 


Let ZABD=*c, Z,ABC = e, 
Z.ACB = 0. From A ABC, 

AB__ sin sin <f> 

BC sin BAG sin (180® — 

AB=BC sin cosec 
( 180 ^- 0 +^) 
=a sin ^ cosec (0+^) 


A 



/. h=AB sin oC=a sin oc sin <l> cosec {0+<f>) 
and d=BD=AB cos <=a cos < sin ^ cosec {6+(f>) 


(ii) 


Note 1. The expressions (I) and (II) arc suitable for logarithmic 
calculations. For example, from (I) 

log h=\og a+log sin -c+log sin jS+log cosec (p—<) 
log d=log a+log cos ‘>c+log sin i8+log cosec (P-oc) 


Note 2. The height of the observer is disregarded so that the angles of 
elevation are measured from the horizontal plane. 


4-3. Distance between two visible but inaccessible 
objects 

Let C and D be the two visible but inaccessible objects. 
To find the distance CD. 

12 
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Let A and B be two convenient stations in the same 
horizontal plane and let the distance between them be e. 

At A, measure the angles DAB, CAB and DAC and denote 


C 



Fig. 67 


them by <, / 3 , 0 respectively. 
At B, measure the angles 
DBA and CBA and denote 
them by y and 8 respectively. 
Now, from A DAB, 

DA^ c 

sin y sin (180°— 

_ c 
“sin («c+y^ 

DA=c sin y cosec{‘t+y) 


Similarly, CA—c sin 8 cosec 0+8) 


Also, from ADAC,CD*--=DA*+CA®-2DA. CA cos 
whence CD is determined. 


Note. If D, A, B, C all lie in the same pianei it is needless to measure 
ADAB, for. then. ADAB=ZDAC+ ACAB=fl+)3. 


4-4. Illustrated examples 

We give below some more worked out examples of 
harder nature on heights and distances. 

Ex. 1. A man walking towards a building, on which a 
flagstaff is fixed, observes the angle subtended by the flagstaff to be 
greatest when he is at a distance 'd' from the building. If 6 be 
the observed greatest angle, find the length of the flagstaff and the 
height of the building. (P. U. 1941) 

Let QB denote the building, PQ the flagstaff. Also, let the 
point A be at a distance d from QB. By the problem, the 
angle subtended by PQ at A is maximum. To And PQ 
and QB. 

Since A is the point in the horizontal line AB at which PQ 
subtends a maximum angle, it can be easily proved from 
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-geometry that AB touches the circle passing round the 
A PQA. 



Fig. 68 


Let ZQAB = ZAPQ=<c; 

V ZPAB+ZAPB==90% 

0+2<=9O°. (i) 

Now, PQ=PB— QB 

—d tan tan * 

_ ^ r sin (g +<<■) _ sin <<. 1 
Lcos (^+<c) cos "cJ 

=d 

cos (^ + «c) cos "C 

_ 2<l sin 0 

cos (0+2«c)+cos 0 

=2(itan6>. (V 0+2«.=W) 

Also, QB=d tan <=d tan 

Ex. 2, A spherical baloon whose radius is *r’ feet subtends at 
an observer's eye an angle <, when the angular elevation of its 
centre is jS. Determine the height of the centre of the baloon. 

(C. U. 1953, A. U. 1951) 

Let A be the observer’s eye, AZ a horizontal line through 
A. Also, let O be the centre of the spherical baloon. 

ZOAZ=/3. 
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If AM, AL be the two 



tangents to the circle from A, 
^MAL is the angle subtended’ 
at A, by the baloon. 

A ZMAL=-c. 

A z.lao=kmal=|*. 

Draw perpendiculars LY 
and OX on AZ, and LR. 
on OX. 


Fig. 69 

.•. height of the centre of the baloon 
=OL cos LOR+AL sin LAY 
=f cos (/3-*/2)+OL cot OAL. sin LAY 
=r cos (p-<l2)+r cot •c/2 sin (^-•c/2) 

Fsin— cos (j3 — ‘C/2)+cos •c/2 sin (P •c/2)l 
sin </2 L 2 

_ f sin P 
sin •c/^ 

Ex. 3. The angle of elemlion of the top of a hill from a point 
A ia •c. After walking a distance V towards the top up a slope 
inclined to thfi horizon at an angle 6 the angle of elevation is p. 
Find the height of the hill. 



Fig. 70 

Let XY be the hill, A and B, the two points of observation. 
A AB=a, ZXAY=<t, Z.BAY=e, Z.XBM=j8and 
BM is the horizontal line through B. Draw BL perp. to 
AY, LetXY=a:. 
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'Nowi XM=XY— YM=a:-BL=*— a sin 0 
and BM=LY= AY - AL=ar cot «c— a cos 0. 

. a;— o sin ^ 

BM X cot <t— a cos 0 

. a sin «c sin (/S - 0) 

• • ^ ^ — 7~5 \ • 

sin (i8— *) 


Ex, 4. The angle of elevation of a light at the top of a 
distant tower from a point 12 ft. above a lake is 24° 55' and the 
angle of depression of its reflection in the lake is 35°5'. Find the 
height of the tower correct to two decimal places, having given 
log 2='30m, log 3=-47712, log 588=2‘76938, log 589 
=2’77012, Lsin 10°10’ =9’24677 . 

Let O be the light at the top of the tower OP, B the 
observer, C the point of incidence of light ray OC in the lake 
and CB, therefore, is the reflected ray. Let OP=A ft. 

Now, Z.BCA=Z.OCP=<^ (say), from the laws of reflection. 
<l>=35°5', the angle of depression. 

If 0 be the angle of elevation of O from B, 0=2A°55', 



Now, 


CO 


BC 


12 


sin {0+f>) sin (4>—0) sin <f> sin (<f>—0) 


ft. 


J-OP-CO sin ^-12 ””i*+t> = l2 

sin (<l>—0) sin 10"10' 


6V5 _ 2, 3^ 

sin 10® 10' sin 10®10' 
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/. log h=log 2 + 1 log 3+10-L sin 10°10' 
=•30103 + 1 (-47712)+ 10 -9-24677 
= 1-76994. 

/. log h lies between log 58*8 and log 58*9. 
Let A =58*8+ a?. 

Difference for *1=1-77012- 1*76938 =*00074 
Difference for a;= 1*76994- 1*76938 = *00056. 


^=-075 =-08 approx. 
A=58-88 ft. ‘ 


Examples A 3 

1. Observations to find the height of a mountain are taken 
at two stations A and B which are at the same height and 
6000 ft. apart. The elevation of the top at A is found to be 
75° and 60° in order. P being the top. What is the height of 
the mountain ? 

2. At a point on a level plane a tower subtends an angle 
•c, and a man b feet high on its top an angle € ; prove that the 
height of the tower is 

b sin ec cos («<.+€) 
sin € 

3. A person walking along a straight road observes that at 
two consecutive milestones the angles of elevation of a hill in 
front of him are 30° and 75'* ; find the height of the hill. 

4. At a point on a level plane a tower subtends an angle 
< and a flagstaff c ft. in length at the top of the tower subtends 
an angle P ; show that the height of the tower is 

c sin cc cosec P cos (<+P) 

5. The altitude of a rock is observed to be 47° ,* after 
walking 1000 febt towards it up a slope inclined at 32° to the 
horizon the altitude is 77®. Find the vertical height of the rock- 
above the first point of observation, given sin 47° =0*731 
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6. A flagstaff is fixed on the top of a wall standing upon a 
horizontal plane. An observer finds that the angle subtended 
at a point on this plane by the wall and the flagstaff are < and 
jS respectively. He then walks a distance c directly towards the 
wall and finds that the fiagstaff again subtends an angle p. 
Find the heights of the wall and the flagstaff. 

7. A fiagstaff stands on the top of a tower. A man 
walking along a straight road towards the tower observes that 
the angle of elevation of the top of the flagstaff is P ; after 
walking a distance a further along the road he notices that the 
flagstaff subtends its maximum angle ; show that the height 
of the flagstaff is 

2a sin < sin p 
cos P-\-sm {<—P) 

8. The angular elevation of a tower CD at a place A due 
south of it is 30°, and at a place B due west of A the elevation 
is 18°. If AB=a, show that the height of the tower is 

'\/2-4-2\/ 5 

9. Two vertical poles whose heights are a and 6, subtend 
the same angle «. at a point in the line joining their feet. If 
they subtend angles P and y at any point in the horizontal plane 
at which the line joining their feet subtends a right angle, 
prove that 

(a + b)^ cot^ K=a^ cot^ P-\-h^ cot* y 

10. The angular elevation of a column viewed from a 
station P due east of it being 9^ and from a station Q due north 
of the former station being (j>, show that the height of the 
tower is 


PQ sin 9 sin <f> 


, — — (B. H. U. 1953) 

Vsin (9+<f)) sin (9—<f>) 

11. At each end of a base line of length 2a it is found that 
the angular altitude of a certain peak is and at the middle 
point of the base the altitude is Prove that the vertical 
height of the peak above the plane is 
a sin 9 sin 
Vsin {9+<l)) sin 


(A. U. 1955) 
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12. A man stands on the top of a wall of height h ft. and 
observes the elevation of a telegraph po '4 to be < ; be then 
descends from the wall and finds the elevation to be /3 ; show 
that the height of the post exceeds that of the man by 

h sin P cos <<. j. 
sin (P — <) 

13. A tower is situated on a horizontal plane at a distance 
a from the base of a hill whose inclination is <. A person on 
the hill, looking over the tower, can just see a pond, the dis- 
tance of which from the tower is b. Show that, if the distance 
of the observer from the foot of the hill be e, the height of 
the tower is 

6c sin «c 
ct“)”6"l"C cos K 

14. Two land-marks exactly North and South of one 
another are separated by a river. A person walks due West from 
one of them a distance a, and then a further distance 6 ; he 
finds that the angle subtended at his eye by the object in the 
first case is three times the angle subtended in the second case. 
Show that the distance between the land-marks is 



b-2a 

3b+2a 


15. From a house on one side of a road observations are 
made of the angle subtended by the houses opposite, first from 
the level of the road and next from a room window at a height c. 
If these angles be < and /?, show that the height of the house 
h is given by 

l=cotj5 cot<-cot®<c 
ft ft 

16. Two points A and B are observed from two points 
G and D in the same plane, the distance CD being d. The 
angles ACD, BCD, ADC, BDC ars respectively <, y, 8 and 
K+y=p+S ; show'that 

r p_ d sin («c-^) 
sin (•c+y) 
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17. In the same horizontal plane there are two inaccessible 
points P and Q and two stations S and T, at each of which 
PQ is observed to subtend the angle <c, PT subtends the angle 
P and QS subtends at T the angle y ; show that 

PQ= . ^ ^ (B. H. U. 1950) 

sin (^+y-«.) 

18. A, B, C are three telegraph posts at equal intervals by 
the side of a rail road ; t, t' are the tangents of the angles 
which AB and BC subtend at any point P, show that 

2 _ 1_1 
T~ t t' 

where T is the tangent of the angle which the road makes 
with BP. 

19. A vertical rod is erected in a horizontal rectangular 
field ABCD. The angular elevation of its top from A. B, C, 
and D are <c, p, y and S. Show that 

cot*«t— cot®/3=cot®8— cot*y 

20. The angles of elevation of a bird flying in a horizontal 
straight line from a fixed point at four successive observations 
are <, P, y, 8, the observations being taken at equal intervals of 
time. Assuming that the speed of the bird is uniform, 
show that 

cot®«c— cot®8=3 (cot®i3-cot®y) (P. U. 1941) 

21. A tree standing on a horizontal plane is inclined by 
B towards N. At two points due S. and distant a, 6, respec- 
tively from the foot, the angular elevations of the tree are < 
and P ; show that 

tan 6=(a—b)l(a cot p—b cot "C) 

22. An observer on a carriage moving with a speed v 
along a st. road observes in one position that two distant trees 
are in the same line with him, the line being inclined at an 
angle to the road. After a time t, he observes that the trees 
subtend then the greatest angle ^ ; show that the distance 
between the trees is 

2 vt si n 6 si n 
cos fl-Hcos 4 
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23. A spherical time ball of radius r at the top of a tower 
subtends an angle 2>c at a point on the ground from which the 
elevation of its centre is <f > ; prove that the height of the centre 
of the ball above the ground is r sin 4> cosec <c. 

24. Two stations due south of a tower, which leans 
towards the north, are at distances a and h from its foot ; if B 
and if) are the elevations, prove that its inplination to the 
horizontal is 


gQj_i/6^ot_fl2:acot^\ U 

\ b—a / 

25. The angle of elevation of a cloud from a point x feet 
above a lake is 0, and the angle of depression of its reflection 
in the lake is ^ ; prove that its height is 

a: ft. (A. U. 1956) 

sm (<l>—6) 

26. A chimney leans towards the N. At equal distances 
due N. and S. of it on a horizontal plane the elevations of the 
top are k and j8. Prove that the inclination of the chimney to 
the vertical is 


tin' 


1 sin (<+^) 
2 sin <c sin 


(A. U. 1954) 


27. Determine the height of the mountain if the elevation 
of its top at an unknown distance from the base is 28°, and at 
a distance 3 miles 77 yards further off from the mountain along 
the same line, the elevation is 16°, given 

log 1-6071 =-2060, L sin 12° =9*3179 

L sin 16°=9*4403, and L sin 28° =9-6716 

(A. U. 1949) 

28. A flagstaff is on the top of a tower which stands on a 
level plane. At a certain point in the plane the tower subtends 
an angle <, and the flagstaff an angle j3. At another point a ft. 
nearer the base -of the tower the flagstaff again subtends the 
angle J3. Show that the height of the tower is 

g tan «c 

1-tan < tan (•c+j8) 


(P. U. 1945; 



Miscellaneous examples 


1. Express in degrees and minutes and also in grades the 
vertical angle of an isosceles triangle in which each of the 
angles at the base is twelve times the vertical angle. 

2. On a globe 6 miles diameter an arc 2 fur. 55 yds. is 
measured ; find the radian measure of the angle subtended at 
the centre of the globe. 

If this was taken as the unit of measurement, how would a 
right angle be represented ? 

3. Prove that 


(i) 

(ii) 


tan a;— cot y 

^ =tan X cot y 

tan 1 /— cot X 


(sin x+cos a;)(tan a;+cot a;)=sec x+coscc x 


4. If a cos^x-\-b sin^x=c, show that tan x—:t r — . 

— c 

5. Which of the following statements is possible and which 
impossible ? 


(i) 

(ii) 

(iii) 


cosec e=^I+y" 

2xy 

x^+y: 

xy+yz+zx 


quantities. 


Xy y, z being unequal real 


6. Show that whatever be the value of 0, the expression 
sin®(^+<<.)+sin®(0— )3)— 2 cos (<c+i3) sin (0+cc)sin (p+p) is 
independent of 6. 


7. 

8 . 


Show that sec 
Prove that tan 


J ^ 

^ \/2+V2+2 cos 4^ 

A±B_taQ A-B _ 2 sin B 

2 2 cos A+cos B 


9. //tan show that 

■' 1-n sin® K 

tan (<— /S)=(l — n) tan <. 


(P. U, 1941) 
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10. PQR is a triangle and S is the projection of P on QR 

produced. If Z.PQS=30°, Z. PQR ==45“ and QR=2 ft., 
find RS. (C. U. 1951) 

11. Solve the equations 

(i) sin^^^ ^=sin!^^ S+sin B (A. U. 1953) 

(ii) sec e-l={^/2-l) tan 6 (B. H. U. 1957) 

(iii) V2 tan 6 sin 0+^/3= tan ^+\/6 sin 0 

12. If tan 0 tan ^ = , show that 

^ l+x 


(1— a; cos 2^)(1— a; cos 2^) = 1— a;^ 

13. If cc and j3 be the different values of 0 which satisfy 
ithe equation a cos 0-i-b sin ^=c, prove that 

sin (<+P)=- ^ 


14. // A+B+C = 180°, prove that 


cot A+- 


cos B 


=cot B+- 


cos A 


sin B cos C 


sin A cos C 

15. If A+B + C = 180% prove that the greatest value of 

. ' A . B . C . 1 

sm ^ sin 2 sin ^ g 

16. //cos sin 0=cos ec— sin oc, prove that 

(B. H. U. 1940) 


fl + | = 2»7r±(.t+jj 


17. Solve the equations (general values not required) 
tan a;+tan y=2 

and 2 cos x cos y—\ (C. U. 1955) 

1 


18. Solve tan“^ 




2 

19. Solve sin“^a:4sia~‘y=gU- 

cos*"* *— COS' =gw 

20. Prove that tan"'?^^+tan~^^^^^+tan~*^^ 

1 +06 1 +6c 1 +CO 


(Agra. 1947) 


(C. U. 1940) 
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=tan"* 


l+a*6? 


4- tan"^ 


6*-c* 

l+6®c» 


+ tan“^ 


c*— o 
l+c*o 


it 

2 


(P. U. 1931) 

21. The sides of a triangle are a;® +x+ 1, 2a;+ 1 and x® — 1. 
Determine the value of the greatest angle. 

22. Prove that in a triangle ABC 

sin 2A+sin 2B+sin 20=^^—. 

o®6*c® 


23. Show that in a AABC sin A sin B sin C= A/2R® 

24. If the lengths of the perpendiculars from the circum- 
centre on the sides BC, CA, AB of the AABC are x, j/, = 
respectively, prove that 

ahc 

X y z Axyz 

25. If f : R : =2 : 5 ; 12 show that the triangle is right 

angled. 

26. If r and R are the radii of the in-circle and circum- 
circle of a triangle, prove that 

SrR^cos® ^+cos® 5+cos® 

=26c+2ca+2o6— a® —6® — c® 


27. Corresponding to the inequality a+b>c concerning 
the sides of a triangle, can you prove sin A+sin B> sin C ? 

(C. U. 1950, ’54) 


28. If in the ambiguous case, the angles A and C have 
two values Aj, Aj and Ci, C 2 respectively 


show that 


sin A, , sin A® ^ „„„ 
^ ^ =2 cos 

sin Cl sin C 


29. //6='\/3 c=l, A =30®, solve the triangle. 

(C. U. 1951) 

30. Walking down a hill inclined to the horizon at an 
angle 0, a man observes an object in the horizontal plane whose 
angle of depression is <. Half way down the hill the angle of 
depression is p. Prove that cot 6=2 cot •c— cot j8 
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31. Eliminate 0 from 


/.V x-a cos ^ _ y—h sin 
^ asin^ -ftcos^ c 

(ii) cos 2^aa cos ^ ; sin 2^=3 sin ^ 
42. Eliminate 0 and ^ from 
a;=a cos 0 sec ^ 

^=6 sin 0 sec ^ 

2 =e tan ^ 

33. Find the sum to n terms 

Vl+sin «c+Vl+sin 2<c+Vl+sin 3‘C+” 

34. Prove 


2 cos |=V2+V2+^/ ..'.V2+2 cos A > 
indicating the extraction of the square root being repeated 
n times. 

35, A person walks one mile bearing an angle 0^ with a 
fixed direction and then another mUe bearing 0^ with the same 
direction. Find (a) final distance from the starting point and 
(b) final bearing. (C. U. 1950) 

(Bearing of a line : The bearing of a line is the positive 
acute angle made by the line with the North-South line situated 
in the same plane). 



Answers 


Examples 1 ( pp. 8-9 ) 


1 . 

2 . 


3. 


5. 

7. 

9. 

11 . 

13. 


14. 


15. 

19. 

22 . 


135“, 225“, 3“20', 85“56'36'', 1“8'45" nearly, 75“ 
23W72, 2ff/25, 33w/320, 0-789327 taking w=3-1416 
2ff/5, irjS ^ (n-2)ir Sir 

n ' T 


22|“, tt/S 
1-087, 0-913 
40“, 60“, 80“ 
7r/5, W3, 7W15 
75“, 60“, 45“ 


6. 67J“ 

8. 91“, 81“ 

10. 0-0358 sec. nearly 
12. w/6, w/S, ff/2 


IT 2it 47r ir 4it 167r 

7’ Y’ T ’ 2T’ 21 ’ 


Tr/8 16. 9 17. I radian 18. 13 yds. 2ft. 8 in. 

1-53 ft. 20. 3436-36 ft. nearly 21. 4 min. 53^ sec. 
49 Vt inches 23. 33 ft. 24. 32:31 


18. 

23. 


Examples 2 ( pp. 19-21 ) 


1 $ 
TT 


■5 

T2 


p’‘~x 

2+g 


2m m^ + l 
^^1 ’ 


22 P^+g* 

p*+g® ’ p®-g* 
2«ire TO®— 

TO® + »® ’ 2ot.» 


26. 

ct-^-b 

a—b 


A/2(a®-f6®) ’ 

V2(a®4-6®) 

32. 

tan — a 

tan 0 

34. 

36. 

1 or 2 

39. ~ 

V5 


31. (sin cos fl)® 
or ±V5I2 


Examples 3 ( pp. 25 ) 

I. V5/2 2. 4/3 3. f 4. 1 5. 5/4 

II. 6 12. 3 13. 16/3^5 14. (i) 60“ 

(u) 30“ (iu) 60“ (iv) 30“ (v) 45“ 15. 0=52^, ^=7|“ 
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Examples 4 (pp. 36-37) 

1. -i. 2V5-1/V5,I 

2. ^ -VB, 3. -4 

4. (i) ±30*, ±330* 5. (i) sin 6 

(ii) 210*, 330*,- 30*,- 150* (ii) -1 

(iii) 30*, 210* (iii) cot*» 

(iv) 135*, 315*,-45%-225* 

(v) 60*. 120* 

(vi) 135*, 225* 

7. (i) 2 (ii) 2 (iii) o or cos k, according as n is even or odd 
(iv) 1 (V) 21/26 

8. (i) 90* (ii) 60*. 300° (iii) 60°, 90°, 120°, 240°, 270°, 
300* (iv) 30°, 150°, 210°, 330* (v) 60°, 300° (vi) 30* 
120°, 210*, 300° (vii) 0°, 60°, 180°, 300°, 360° 


Examples 5 (pp. 47-48) 


1 1 

* 6x71 '"8 


2 . 


85 

36 


Examples 7 ( pp. 65-68 ) 

23. ^V2— V2, ^V2+x/2 24, -iV(V5~l)(6+V2) — 

xlVS-l) (VS+V^, s (V3 + l)(V5 + v'5) + 

tV(V6-V2) (V5-1) 

36. 37, (i) 2nw-7r/4 and 2»7r+7r/4 

(ii) 2wff-(-5jj'/4 and 2w7r+7jr/4 

(iii) 2nir-|-37r/4 and 2nw-|-55r/4 

38, Both positive 39. No; 2 sin ^=x/l+sin A 

A 


+ Vl— sin A 
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Examples 8 (pp. 76-77) 

1. nir±irj6 2. nw±ff/4 3. 2nn'±2ff/3 
4. n7r±ff/4 5. nw, »7r/2 ±77/12 

6. W7r/4, ^ ?i7r-f-(— 1)’‘ 7r/18 7. 2a7r±7r/3, (2fc-l-l) tt 


8. ^^+(-1)’^ W12 


P+(+l)^(Z 


10 ( 4fc- l)7r 

2 (q-p) ’2 (g'+i))' 

11. 2n7T or (4/i±l) 7r/2 or (4n±l) tt/S 

12 . (2n + l) 77/2 or (2n+l) 7r/4 (2n+l) rr/g 

13. 2»7r, 2rt.77± 277/3 14. 7l7r+(~l)’*77/6, (4w— 1)77/2 

15. (471+1)77/8 16. 2w 77 or 2/177— 277/3 

17. 2/177 -777/12,2/177 — 77/12 18. 2/177 + 777/12 or 27477 + 7 t/ 12 

19. 2/477+77/4 20. 2/177 — 77/4 

21. 2/177 -| 077/ 1 2 or 2/477— 77/12 

22. 2/477 + 77/2 or 2/477— where is a positive acute angle 
whose sine is J 

23. 2/477 1-+2 or 2/477-77/6 24. 2/477, -J- (4/4+1)77 

25. ,wjr±tan-»-i 26. 27. m7r±7r/6 

3 V 2 

28. (/477 + oc) where tan <=2 29. /477+(— 1)”77/6 

30. 7477 f 77/4, 2/477 f 77/3 31. 0-/477+77/4, <^=4477+77/6 

32. 0-/477 + 77/6, f/^=/477 '1-77/3 33. 7177/3+77/9 

34. 7477+77/4 or 2/477 + 277/3 35. 7477 + ^ ; (2/i + l)7r/6-^ 

ia U 

36. 2/477 — oC, 2/477 — 77/2 -[-oC 

37, 2/477 + +2, 2/477— 77/2 -H2< whe^e < is the radian of 2l®48' 


Examples 9 (pp. 86-89) 

28. (i) 1 (ii) — (iii) o or J (iv) o or ±| 

(v-ii) (ix) ViJ (x) I (xi) ±| (xii) 2 
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29.. ±lor(l±v'2) 31. {x-y){\-\-yz)^[y-z){\^xy) 

33. (i) I (ii) plL (iii) *(ViO-v'5) (iv) oc 
i—xy 

Examples II (pp. 118-122) 

41. 24v/B 42. 120“ 73. 4, 8| 

Examples 12 (pp. 134-137) 

1. 113“34'4l" 2, 55“46'I6" 3. 104“28'39'' nearly 

4. 58“59'33" 5. 88°59'40-9" 6. 48°11'23", 58“24'43", 

73'’23'54" 7. 112°37'2-8" approx. 8. 769-8622 

9, 152-41 approx. 10. 89 896 ft. 11. 172-6436 ft. 

12. 27 03'5 13.765-4321,1035-43 14. 76°47'2-2", 

49'’12'57-8" 15. 22°36', 12“36' 16. 94“42'54" 

25“17'6" 17. 0=559 63, A = 109°39'57^', C = 19°38'3" 

18. B=7I“44'29-5" C- 41°15'30-5" 19. 70'’53'36", 49“6'14" 
20. 116“33'54", 26'’33'54" 21. A=79°35' or 35°45' ; C=68“5' 

or lirSS', a = 595 81 or 353 95 

22. 57'’30'1 1-8" or its supplement 122“29'48-2', Yes 

23. 32”4535 24. not ambiguous, ambiguous, not ambiguous. 

Examples 13 (pp. 147-148) 

1. 30“ 2. 0 3. — 60“, 60“ 4. 0 74 radian nearly 

5, 30“ 6. 0“, 60“, 180“, 300, 360“ 7. 7r/8, S-nji 

8. irl4 10, ttI4 11. 0 12. 90“ and 46“25' nearly 

13. 22-5“ and 112-5“ 16. 38“10' nearly 18. 5 19. The 

graphs will touch each other at the origin. 


Examples 14 (pp. 156-158) 

1. 69-28 ft. nearly 2. 86 6 ft. nearly 3. 30“ 

4- 259^ ft. nearly 5. 22-5 ft 39 97 ft. 6. 51 ft. 81 ft. 

7. 283 yds. nearly 8. a/V2 9. 68-3 ft. nearly. 

10. 0-86 mile approx. 11. 236 ft., 136 ft. 12. 519*6 ft. 

13. 130| ft. 14. 69-28 ft. 15. 2*73 miles approx. 
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Examples A 1 (pp. 161-162) 




= 1 2. =--2 3. b^=a^2-a^) 


4. —x^y^ = l 5. {mr--nq)^ -\-{nj)--Ir)^ = {lq—-mp)^ 

2 2 fi'Y* hfti /»2 

6. {a+b)'^+{a-bf=2 7. , - = 

^ ^ ^ ■' i m Vm^+P 


8. a-f6=2a6 


9. ^^+5^=scc*| 


10. pq{pq-~4) — {2i-\ qV tan'-^r 


11 . 


{a + h)(m -}- n) 
2mn 


sin . 

.2 sin < 

. oc 2 

sin ^ 


Examples A 2 (pp. 166) 

IK 

Sill 

2 . 


^ I 1 

2 w - - 1 
- - _„COS J - oC 

. < • 2 
sin ~ 

A 


2 sin {oc-f 4(n— 1)(«{.4 it;} sin i wfoc + Tr) 
sin ("C-f tt ) 

4. —sec s sin ~ (ir-F't) c'os ^ }~ ^ (wH-ot) 


sin 

2 

Sin 


sin { } 


6 . 

8 . 

9. 


| + -®-"”flCOs(n-t-i)0. 7 

^ 2 sin a 


1 / 3 si 

• M si 


3 sin^woC__sin‘'^3noC 
sin oc sin 3ec 


3 sin n< cos n< ^sin 2>a< co^3?ioC 
4 sin oc 4 sin 3oc 

. i\ 7 i-i sin nO sin (n+\)0 
^ ^ 2 cos 


10 ( — 1)’* sin n9 sin {n+l )9 

2 cos 0 

n. cos {e+i (n-i) (0+»} 

Sin 4 ("+i 
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12 + {■c+fa— l)j8}-co s(°c-i8)-w cos (°c +«j $) 

, 2(1— cos 

13 (w + Qsi'i }<-t («— 1 )/6j— sin(°c— ^)-n sin{< + H/?) 

2 (i— cos j8) 

14. ? — {(n + 1) sin 2«c— sin 2(ft+ Ik) 

15. cot <t-2”cot 2"<<. 16. ^ (tan 3 ’k- tan 2 :) 


Examples A 3 (pp. 182-186) 


1. 

6 . 


9000V2ft. 3. 36C6-24 ft. nearly 

f, sin < c os (<+j3) csin^ 
cos (2«t+iS) ’ cos (2‘C-fli 


5. 1034 ft. nearly. 
27. 10,000 ft. 


Misccilantous Examples (pp. 187-190) 

I. 7“12' ; 8 grades 2. -09375, 16-7552 

5. possible, impossible, impassible 10. 2/('v/’J— 1) ft. 

II. Iht, 17. a:=y=45'’ 18. or 3 

l±7l 

19. sc^i,!/=I 20. 120' 29- a=i, B=120', C=30° 
W (>') M6-o)-2 

“• ^’+05-“!=' ». JjCOSccJsin’LSta g 

35. 2(l+cos«;^,^i^ 



TABLES OF LOGARITHMS OF NUMBERS, 
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30 47712 47857 48001 48144 48287 48430 48572 48714 48855 48996 14 29 43 57 72 86 100 114 129 
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34 53148 53275 53403 53529 53656 53782 53908 54033 54158 54283 13 25 38 50 63 76 88 101 113 
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